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Abstract 



This review is devoted to strings and branes. Firstly, perturbative string theory is 
introduced. The appearance of various types of branes is discussed. These include 
orbifold fixed planes, D-branes and orientifold planes. The connection to BPS vacua 
of supergravity is presented afterwards. As applications, we outline the role of branes 
in string dualities, field theory dualities, the AdS/CFT correspondence and scenarios 
where the string scale is at a TeV. Some issues of warped compactifications are also 
addressed. These comprise corrections to gravitational interactions as well as the 
cosmological constant problem. 
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Chapter 1 

Introduction 



One of the most outstanding problems of theoretical physics is to unify our picture of 
electroweak and strong interactions with gravitational interactions. We would like to 
view the attraction of masses as appearing due to the exchange of particles (gravitons) 
between the masses. In conventional perturbative quantum field theory this is not 
possible because the theory of gravity is not renormalizable. A promising candidate 
providing a unified picture is string theory. In string theory, gravitons appear together 
with the other particles as excitations of a string. 

On the other hand, also from an observational point of view gravitational interac- 
tions show some essential differences to the other interactions . Masses always attract 
each other, and the strength of the gravitational interaction is much weaker than the 
electroweak and strong interactions. A way how this difference could enter a theory 
is provided by the concept of "branes" . The expression "brane" is derived from mem- 
brane and stands for extended objects on which interactions are localized. Assuming 
that gravity is the only interaction which is not localized on a brane, the special fea- 
tures of gravity can be attributed to properties of the extra dimensions where only 
gravity can propagate. (This can be either the size of the extra dimension or some 
curvature.) 

The brane picture is embedded in a natural way in string theory. Therefore, string 
theory has the prospect to unify gravity with the strong and electroweak interactions 
while, at the same time, explaining the difference between gravitational and the other 
interactions. 

This set of notes is organized as follows. In chapter |2|, we briefly introduce the 
concept of strings and show that quantized closed strings yield the graviton as a string 
excitation. We argue that the quantized string lives in a ten dimensional target space. 
It is shown that an effective field theory description of strings is given by (higher di- 
mensional supersymmetric extensions of) the Einstein Hilbert theory. The concept 
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of compactifying extra dimensions is introduced and special stringy features are em- 
phasized. Thereafter, we introduce the orbifold fixed planes as higher dimensional 
extended objects where closed string twisted sector excitations are localized. The 
quantization of the open string will lead us to the concept of D-branes, branes on 
which open string excitations live. We compute the tensions and charges of D-branes 
and derive an effective field theory on the world volume of the D-brane. Finally, 
perturbative string theory contains orientifold planes as extended objects. These are 
branes on which excitations of unoriented closed strings can live. Compactifications 
containing orientifold planes and D-branes are candidates for phenomenologically in- 
teresting models. We demonstrate the techniques of orientifold compactifications at a 
simple example. 

In chapter ^, we identify some of the extended objects of chapter ^ as stable 
solutions of the effective field theory descriptions of string theory. These will be the 
fundamental string and the D-branes. In addition we will find another extended object, 
the NS five brane, which cannot be described in perturbative string theory. 

Chapter ^ discusses some applications of the properties of branes derived in the 
previous chapters. One of the problems of perturbative string theory is that the string 
concept does not lead to a unique theory. However, it has been conjectured that all 
the consistent string theories are perturbative descriptions of one underlying theory 
called M-theory. We discuss how branes fit into this picture. We also present branes 
as tools for illustrating duality relations among field theories. Another application, we 
are discussing is based on the twofold description of three dimensional D-branes. The 
perturbative description leads to an effective conformal field theory (CFT) whereas the 
corresponding stable solution to supergravity contains an AdS space geometry. This 
observation results in the AdS/CFT correspondence. We present in some detail, how 
the AdS/CFT correspondence can be employed to compute Wilson loops in strongly 
coupled gauge theories. An application which is of phenomenological interest is the 
fact that D-branes allow to construct models in which the string scale is of the order of 
a TeV. If such models are realized in nature, they should be discovered experimentally 
in the near future. 

Chapter ^ is somewhat disconnected from the rest of these notes since it considers 
brane models which are not directly constructed from strings. Postulating the existence 
of branes on which certain interactions are localized, we present the construction of 
models in which the space transverse to the brane is curved. We discuss how an 
observer on a brane experiences gravitational interactions. We also make contact to the 
AdS/CFT conjecture for a certain model. Also other questions of phenomenological 
relevance are addressed. These are the hierarchy problem and the problem of the 
cosmological constant. We show how these problems are modified in models containing 
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branes. 

Chapter |6| gives hints for further reading and provides the sources for the current 
text. 

Our intention is that this review should be self contained and be readable by people 
who know some quantum field theory and general relativity. We hope that some people 
will enjoy reading one or the other section. 



Chapter 2 



Perturbative description of 
branes 



2.1 The Fundamental String 



2.1.1 Worldsheet Actions 
2.1.1.1 The closed bosonic string 

Let us start with the simplest string - the bosonic string. The string moves along a 
surface through space and time. This surface is cahed the worldsheet (in analogy to a 
worldline of a point particle) . For space and time in which the motion takes place we 
will often use the term target space. Let d be the number of target space dimesnions. 
The coordinates of the target space are , and the worldsheet is a surface (r, a) , 
where r and a are the time and space like variables parameterizing the worldsheet. 
String theory is defined by the requirement that the classical motion of the string 
should be such that its worldsheet has minimal area. Hence, we choose the action of 
the string proportional to the worldsheet. The resulting action is called Nambu Goto 
action. It reads 



The integral is taken over the parameter space of a and r. (We will also use the 
notation r = a", and a = a^.) The determinant of the induced metric is called g. The 
induced metric depends on the shape of the worldsheet and the shape of the target 
space, 




(2.LL1) 



(2.1.1.2) 
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where /i, v label target space coordinates, whereas a, /? label worldsheet parameters. 
Finally, we have introduced a constant a'. It is the inverse of the string tension and 
has the mass dimension —2. The choice of this constant sets the string scale. By con- 
struction, the action ( 2.1.1.1| ) is invariant under reparametrizations of the worldsheet. 

Alternatively, we could have introduced an independent metric on the world- 
sheet. This enables us to write the action ( 2.1.1.1| ) in an equivalent form, 

1 



47ra' 



(2.1.1.3) 



For the target space metric we will mostly use the Minkowski metric rj^i, in the present 
chapter. Varying ( 2.1.1.3| ) with respect to 7q,/3 yields the energy momentum tensor. 



47ra' 5S 



'-a0 



d, 



^x^dpx^ - \pafii^^diX^d^x, 



(2.1.1.4) 



where the target space index /x is raised and lowered with G^y = tj^^. Thus, the 7^^ 
equation of motion, T^fs = 0, equates 7^^ with the induced metric ( p. 1.1. 2 ), and the 
actions ( p. 1.1.1 ) and ( 2.1.1.3 ) are at least classically equivalent. If we had just used 
covariance as a guiding principle we would have written down a more general expression 
for ( [2.1.1. 3 ). We will do so later. At the moment, ( |2.1.1.3| ) with Gfj^^ = r]^^ describes 
a string propagating in the trivial background. Upon quantization of this theory we 
will see that the string produces a spectrum of target space fields. Switching on non 
trivial vacua for those target space fields will modify ( 2.1.1.3| ). But before quantizing 
the theory, we would like to discuss the symmetries and introduce supersymmetric 
versions of ( p. 1.1. 3 ). 



First of all, ( p. 1.1. 3 ) respects the target space symmetries encoded in G^jy. In 



our case = rj^y this is nothing but d dimensional Poincare invariance. From 
the two dimensional point of view, this symmetry corresponds to field redefinitions 
in ( p. 1.1. 3 ). The action is also invariant under two dimensional coordinate changes 
(reparametrizations). Further, it is Weyl invariant, i.e. it does not change under 



7«/3 



(2.1.1.5) 



It is this property which makes one dimensional objects special. The two dimensional 
coordinate transformations together with the Weyl transformations are sufficient to 
transform the worldsheet metric locally to the Minkowski metric, 

7a/3 = Vad- (2.1.1.6) 

It will prove useful to use instead of a^,a^ the light cone coordinates, 

(T~ =T-fj ,and (7+ = T-F(T. (2.1.1.7) 
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So, the gauged fixed version[| of ( p. 1.1. 3 ) is 

1 



S 



27ra' 



da+da-d-X^'d+X,, 



{2.1.11 



However, the reparametrization invariance is not completely fixed. There is a residual 
invariance under the conformal coordinate transformations, 



a 



a 



a 



[a-). 



(2.1.1.9) 



This invariance is connected to the fact that the trace of the energy momentum tensor 

( 2.1.1.4 ) vanishes identically, T-^ = 00 . However, the other jaf3 equations are not 

identically satisfied and provide constraints, supplementing (2.1.1.8), 

Ti , = T__ = 0. 



The equations of motion corresponding to ( 2.1.1. 



arer 



a , = 



(2.1.1.10) 



(2.1.1.11) 



Employing conformal invariance ( |2.1.1.9 ) we can choose r to be an arbitrary solution 
to the equation dj^d-T = 0. (The combination of ( p. 1.1. 9 ) and ( 2.1.1.7 ) gives 



2 ^ 



a (a 



)), 



(2.1.1.12) 



which is the general solution to ( 2.1.1.11] )). Hence, without loss of generality we can 
fix 



1 



X+ = — (X° + X^) = x+ + p+r, 
V2 



(2.1.1.13) 



where and denote the center of mass position and momentum of the string in 
the + direction, respectively. The constraint equations (|2.1.1.10| ) can now be used to 
fix 



X- 



1 



(2.1.1.14) 



as a function of X* (i = 2, . . . , d — 1) uniquely up to an integration constant corre- 
sponding to the center of mass position in the minus direction. Thus we are left with 



^ Gauge fixing means imposing ( ^.1.1.6 ). 

^The corresponding symmetry is called conformal symmetry. It means that the action is invari- 
ant under conformal coordinate transformations while keeping the worldsheet metric fixed. In two 
dimensions this is equivalent to Weyl invariance. 

•^For the time being we will focus on closed strings. That means that we impose periodic boundary 
conditions and hence there are no boundary terms when varying the acti on. We will discuss open 
strings when turning to the perturbative description of D-branes in section 2.3. 
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d — 2 physical degrees of freedom X*. Their equations of motion are (2.1.1.11) without 



any further constraints. By employing the symmetries of (|2.1.1.3| ) we managed to 
reduce the system to d — 2 free fields (satisfying ( 2.1.1.11] )). Since these symmetries 



may suffer from quantum anomalies we will have to be careful when quantizing the 
theory in section 2.1.2| . 



2.1.1.2 Worldsheet supersymmetry 

In this section we are going to modify the previously discussed bosonic string by 
enhancing its two dimensional symmetries. We will start from the gauge fixed ac- 
tion (2.1.1.8) which had as residual symmetries two dimensional Poincare invariance 



and conformal coordinate transformations ( |2.1.1.9 ).P| A natural extension of Poincare 



invariance is supersymmetry. Therefore, we will study theories which are supersym- 
metric from the two dimensional point of view. In order to construct a supersymmet- 



ric extension of ( 2.1.1.8| ) one should first specify the symmetry group and then use 



Noether's method to build an invariant action. We will be brief and just present the 
result, 

S=^j da+da- {d-X^d+X^ + '-i>'id,^+^ + '-.ptd+i,^^ , (2.1.1.15) 
where ip± are two dimensional Major ana- Weyl spinors. To see this, we first note that 

+ ii^-d+i^- = -V'-) + p-d-) (2.1.1.16) 



where 
with 



9^ = p°±p\ (2.1.1.17) 

and = ^ ^ ^ ^ . (2.1.1.18) 

It is easy to check that the above matrices form a two dimensional Clifford algebra, 

-2r/"^. (2.1.1.19) 





Also, note that i — V'-) is the Dirac conjugate of for real ip±^ of the 

( 

Majorana spinor .In addition to two dimensional Poincare invariance and 




4 / 



Alternatively, we could start from the action (2.1.1.3). This we would modify such that it becomes 



locally supersymmetric. Finally, we would fix symmetries in the locally supersymmetric action. 
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invariance under conformal coordinate transformations ( |2.1.1.9D p| the action (2.1.1.15) 
is invariant under worldsheet supersymmetry, 



(2.1.1.20) 



Sipi" = -ip'^daX^'e. (2.1.1.21) 
In components ( |2.1.1.21 ) gives rise to the two equations 



Sil;^^ = -2e+d^X'', (2.1.1.22) 
Sil^l = 2e-d+Xf'. (2.1.1.23) 



When checking the invariance of (|2.1.1.15|) under ( p.l.l.20| ), ( |2.1.1.22|) , ( |2. 1.1. 231) one 



should take into account that spinor components are anticommuting, e.g. e+ip- = 
—'(/'-€+• Since the supersymmetry parameters e± form a non chiral Majorana spinor, 
the above symmetry is called (1, 1) supersymmetry. (In the end of this section we will 
also discuss the chiral (1,0) supersymmetry.) To summarize, the action ( |2.1.1.15| ) has 
the following two dimensional global symmetries: Poincare invariance and supersym- 
metry. The corresponding Noether currents are the energy momentum tensor, 

r++ = a+x^a+x^ + (2.1.1.24) 
T__ = a_x^5_x^ + ^v'^a^V-M, (2.1.1.25) 

J+ = i^ld+Xf,, (2.1.1.26) 
J_ = ^^_^d-X^. (2.1.1.27) 

The vanishing of the trace of the energy momentum tensor = is again a con- 
sequence of the invariance under the (local) conformal coordinate transformations 
( |2.1.1.9 ). The supercurrent is a spin-| object and naively one would expect to get 



and the supercurrent 



four independent components. That there are only two non-vanishing components is 
a consequence of the fact that the supersymmetries ( p.l.l.20| ), ( p. 1.1. 22] ), (|2. 1.1.23 ) 
leave the action invariant also when we allow instead of constant e± for 

e_ = e_ (o-+) and e+ = e+ (ct~) , (2.1.1.28) 

i.e. they are "partially" local symmetries. Once again, the vanishing of the energy 
momentum tensor is an additional constraint on the system. We did not derive this 

^Under the transformation (2.1.1.9) the spinor components transform as tp± (5"*') ^ V'i • 
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explicitly here. But it can be easily inferred as follows. In two dimensions the Einstein 
tensor vanishes identically. Thus, if we were to couple to two dimensional (Einstein) 
gravity, the constraint Tq,^ = would correspond to the Einstein equation. Simi- 
larly, the supercurrents ( 2.1.1.26] ), ( |2.1.1.27| ) are constrained to vanish. (If the theory 
was coupled to two dimensional supergravity, this would correspond to the gravitino 
equations of motion.) 

As in the bosonic case we can employ the symmetry ( 2.1.1.9| ) to fix 



A^ 



X + p T. 



(2.1.1.29) 



The local supersymmetry transformation ( 2.1.1.21] ) with e given by ( 2.1.1.28| ) can be 
used to gauge 




0. 



(2.1.1.30) 



(We have written here the target space (light cone) index as /x = + in order to avoid 
confusion with the worldsheet spinor indices.) Note, that the gauge fixing condi- 
tion ( 2.1.1.301 ) is compatible with ( 2.1.1.29| ) and the supersymmetry transformations 
( |2.1.1.20| ), ( p. 1.1. 21 ), as (2.1.1.30) implies the supersymmetry transformation 



5X^ 



0. 



(2.1.1.31) 



The constraints ( |2.1.1.24| ), ( |2.1.1.25| ), ( |2.1.1.26| ), ( p.l.l.27| ) can be solved for , and 



(here, a denotes the worldsheet spinor index). Therefore, after fixing the local 



symmetries completely we are left with d — 2 free bosons and d — 2 free fermions (from 
a two dimensional point of view). 

We should note that in the closed string case (periodic boundary conditions in 
bosonic directions) we have two choices for boundary conditions on the worldsheet 
fermions. Boundary terms appearing in the variation of the action vanish for either 
periodic or anti periodic boundary conditions on worldsheet fermions. (Later, we will 
call the solutions with antiperiodic fermions Neveu Schwarz (NS) sector and the ones 
with periodic boundary conditions Ramond (R) sector. 

Going back to ( p. 1.1. 15] ), we note that alternatively we could have written down 
a (1,0) supersymmetric action by setting the left handed fermions tjj^ = 0. The 
super symmetries are now given by ( p. 1.1. 20] ) and ( |2.1.1.22| ), only. The parameter e_ 
does not occur anymore, and hence we have reduced the number of supersymmetries by 
one half. More generally one can add left handed fermions which do not transform 
under supersymmetries. Therefore, they do not need to be in the same representation 
of the target space Lorentz group as the (therefore the index A instead of /i). 
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Summarizing we obtain the following (1,0) supersymmetric action 

S=^J da+da~ (^d-Xf'd+X^ + '-il^ld+i;.^, + ^ J]] A^^-A+a^ . (2.1.1.32) 

this will turn out to be the worldsheet action of the heterotic string. The energy mo- 
mentum tensor is as given in ( p.1.1.24] ), ( |2.1.1.25| ) with A^ replacing ■i/^'^ in (2.1.1.25). 
There is only one conserved supercurrent (|2.1.1.26| ). 

Finally, we should remark that there are also extended versions of two dimensional 



supersymmetry (see for example |45(:]). We will not be dealing with those in this 
review. 

2.1.1.3 Space-time supersymmetric string 

In the above we have extended the bosonic string ( |2.1.1.3| ) to a superstring from the two 
dimensional perspective. We called this worldsheet supersymmetry. Another direction 
would be to extend ( |2.1.1.3| ) such that the target space Poincare invariance is enhanced 
to target space supersymmetry. This concept leads to the Green Schwarz string. Space 
time supersymmetry means that the bosonic coordinates A^ get fermionic partners 9"^ 
(where A labels the number of supersymmetries N) such that the targetspace becomes 
a superspace. In addition to Lorentz symmetry, the supersymmetric extension mixes 
fermionic and bosonic coordinates, 

69^ = e^, (2.1.1.33) 
69 = e^, (2.1.1.34) 
6X'' = ieri'9'^, (2.1.1.35) 

where the global transformation parameter is a target space spinor and F'^ denotes 
a target space Dirac matrix. In order to construct a string action respecting the 
symmetries (2.1.1.33) - ( 2.1.1.35] ) one tries to replace daX^ by the supersymmetric 



combination 

= daXf" - i9^T''da9'^. (2.1.1.36) 
This leads to the following proposal for a space time supersymmetric string action 

^1 = [ d^aV^r^K^fS,. (2.1.1.37) 



Note that in contrast to the previously discussed worldsheet supersymmetric string, 
( |2.1.1.37| ) consists only of bosons when looked at from a two dimensional point of view. 
The action ([2.1.1.37 ) is invariant under global target space supersymmetry, i.e. Lorentz 
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transformations plus the supersymmetry transformations (2.1.1.33) - (2.1.1.35). From 
the worldsheet perspective we have reparametrization invariance and Weyl invariance 
( |2.1.1.5| ). This is again enough to fix the worldsheet metric 7^/3 = (cf ( 2.1.1.6| )). 
The resulting action will exhibit conformal coordinate transformations ( p. 1.1. 9 ) as 
residual symmetries. The energy momentum tensor ( (12.1.1. 41) with daX'' replaced by 
Ha ( p.l.l.36| )) is again traceless. Like in section 2.1.1.1] , the vanishing of the energy mo- 
mentum tensor gives two constraints. We have seen that in the non-supersymmetric 
case fixing conformal coordinate transformations and solving the constraints leaves 
effectively d — 2 (transversal) bosonic directions In order for the target space super- 
symmetry not to be spoiled in this process, we would like to reduce the number of 
fermionic directions 9^ by a factor of 



2^ 
2^ 



nT^dp9^ 



0'T,dp9^) 



(2.1.1.38) 



simultaneously. So, we need an additional local symmetry whose gauge fixing will 
remove half of the fermions 9^. The symmetry we are looking for is known as k 
symmetry. It exists only in special circumstances. First of all, the number of super- 
symmetries should not exceed N = 2 (i.e. A = 1, 2). Then, adding a further term 

to ( p. 1.1.371 ) results in a At symmetric action. (We will give the explicit transformations 
below.) In ( ^.1.1.38] ) e"^^ denotes the two dimensional Levi Civita symbol. If one is 
interested in less than N = 2 one can just put the corresponding 9^ to zero. The 
requirement that adding ^2 to the action does not spoil supersymmetry ( p.l.l.33| ) - 
(|2.1.1.35| ), leads to further constraints, 

(i) d = 3 and 9 is Majorana 

(a) d = 4 and 9 is Majorana or Weyl 

(Hi) d = 6 and 9 is Weyl 

(iv) d = 10 and 9 is Majorana- Weyl. 
It remains to give the above mentioned k symmetry transformations explicitly. 

By adding Si and 5*2 one observes that the kinetic terms for the 0's (terms with one 

derivative acting on a fermion) contain the following projection operators 



,al3 



7 



-7 



(2.1.1.39) 



^Since the field equations are different for (2.1.1.37) the details of the discussion in the boso nic case 
will change. The above frame just gives a rough motivation for a modification of (2.1.1.37) carried 
out below. 
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The transformation parameter for the additional local symmetry is called k^. It is a 
spinor from the target space perspective and in addition a worldsheet vector subject 
to the following constraints 

^la ^ P^f^K^^, (2.1.1.40) 

^ pa/3 ^2^ (2.1.1.41) 

(2.1.1.42) 

where the worldsheet indices a, (5 are raised and lowered with respect to the worldsheet 
metric ^ap- Now, we are ready to write down the k transformations, 

56^ = 2ir^nc,^K^°, (2.1.1.43) 
SXi" = iO^VSe^, (2.1.1.44) 

'^7"'^) = -iQ^ip^'^K^'^d^e^ + p^''R^'^d^e^) . (2.1.1.45) 



For a proof that these transformations leave Si + S2 indeed invariant we refer to|222| 
for example. 

Once we have established that the number of local symmetries is correct, we can 
now proceed to employ those symmetries and reduce the number of degrees of freedom 
by gauge fixing. We will go to the light cone gauge in the following. Here, we will 
discuss only the most interesting case ol d = 10. As usual we use reparametrization 
and Weyl invariance to fix 7^^ = r/^^. We can fix k symmetry ( 2.1.1.43| )- (|2.1.1.45 ) by 
the choice 

r+6l^ = r+6l2 = 0, (2.1.1.46) 

where 

r± = ^(ro±r9). (2.1.1.47) 

v2 



This sets half of the components of 6 to zero. With the k fixing condition (2.1.1.46) 



the equations of motion for and A* {i = 2, . . . ,d — 1) turn out to be free field 
equations (cf ( |2.1.1.11| )). The reason for this can be easily seen as follows. After 
imposing ( p. 1.1. 46 ), out of the fermionic terms only those containing d^T~d'^ remain 



in the action Si + 52- Especially, the terms fourth order in 0"^ have gone. The above 
mentioned terms with couple to daX^ ^ and hence they will only have influence 
on the X~ equation (obtained by taking the variation of the action with respect to 
A*^). Thus we can again fix the conformal coordinate transformations by the choice 
( |2.1.1.13| ). The X~ direction is then fixed (up to a constant) by imposing the constraint 
of vanishing energy momentum tensor. Since the coupling of bosons and fermions is 
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reduced to a coupling to daX~^ , there is just a constant p'^ in front of the free kinetic 
terms of the fermions. 

In the light-cone gauge described above the target space symmetry has been fixed 
up to the subgroup SO{S), where the X* and the 9^ transform in eight dimensional 
representations .|^ For 50(8) there are three inequivalent eight dimensional representa- 
tions, called 8v, 8s , and Sc- The group indices are chosen as i, j, k for the 8v, a, 6, c for 
the 8s, and a, 6, c for the Sc- In particular, X* transforms in the vector representation 
8v For the target space spinors we can choose either 8s or 8c • Absorbing also the 
constant in front of the kinetic terms in a field redefinition we specify this choice by 
the following notation 

^/p^e^ S^" or S^^ (2.1.1.48) 

^/^^2 _^ g2a g2a_ (2.1.1.49) 

Essentially, we have here two different cases: we take the same S'0(8) representation 
for both 0's or we take them mutually different. The first option results in type IIB 
theory whereas the second one leads to type IIA. 

So, the gauge fixing procedure simplifies the theory substantially. The equations of 
motion for the remaining degrees of freedom are just free field equations. For example 
for the type IIB theory they read, 

d+d-X' = 0, (2.1.1.50) 
d+S^"" = 0, (2.1.1.51) 
d-S'^" = 0. (2.1.1.52) 

They look almost equivalent to the equations of motion one obtains from the world- 
sheet supersymmetric action ( ^.1.1.15 ) after eliminating the it directions by the light 



cone gauge. Especially, ( 2.1.1.51] ) and ( |2.1.1.52 ) have the form of two dimensional 



Dirac equations where S"^ and S*^ appear as 2d Majorana-Weyl spinors. An important 
difference is however, that in ( |2.1.1.15 ) all worldsheet fields transform in the vector 



representation of the target space subgroup SO{d — 2). 

In the rest of this chapter we will focus only on the worldsheet supersymmetric 
formulation. There, target space fermions will appear in the Hilbert space when quan- 
tizing the theory. We will come back to the Green Schwarz string only when discussing 
type IIB strings living in a non-trivial target space {AdS^ x S^) in section 4.3. 



2.1.2 Quantization of the fundamental string 



'''a Majorana-Weyl spinor in ten dimensions has 16 real components. Imposing (2.1.1.46) leaves 
eight. 
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2.1.2.1 The closed bosonic string 



Our starting point is equation (|2. 1.1. 111) . 

d+d-X' = 0. (2.1.2.1) 
Imposing periodicity under shifts of by vr we obtain the following general solution^ 

X'^ = X^(a-)+X^(^+), (2.1.2.2) 

with 

K = ^x^ + Jp''a- + ^^-<e-2---, (2.1.2.3) 



2^ n 



2 2^ 



2 ^ n 



(2.1.2.4) 



Here, all o"" dependence is written out explicitly, i.e. x'', p^, an, and On are a" 
independent operators. Classically, one can associate with the center of mass 
position, with the center of mass momentum and an (on) with the amplitude 
of the n'th right moving (left moving) vibration mode of the string in direction. 
Reality of X^^ imposes the relations 



a\ 



= a^_„ and a^i^ 



a_ 



We also define a zeroth vibration coefficient via 



«0 = "O 



1 



(2.1.2.5) 



(2.1.2.6) 



Since the canonical momentum is obtained by varying the action ( 2. 1.1. 81 ) with 
respect to X^ (where the dot means derivative with respect to r) we obtain the 
following canonical quantization prescription. The equal time commutators are given 

by 



[X^^{a),X'^{cj')] = X^{a),X^a') 



0, 



and 



X^^ {<j),X' U') 



-ittS [a — a') rj' 



flU 



(2.1.2.7) 



(2.1.2.8) 



where the delta function is a distribution on periodic functions. Formally it can be 
assigned a Fourier series 

oo 



TT ^ — ' 



2iko 



(2.1.2.9) 



^Frequently, we will put a' = ^. Since it is the only dimensionfuU parameter (in the system with 
ft = c = 1), it is easy to reinstall it when needed. 
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With this we can translate the canonical commutators (2.1.2.7) and (2.1.2.8) into 
commutators of the Fourier coefficients appearing in ( p. 1.2.31 ) and ( p. 1.2.41) , 



(2.1.2.10) 
(2.1.2.11) 
(2.1.2.12) 



where 5n+k is shorthand for 5n+k,o- So far, we did not take into account the constraints 
of vanishing energy momentum tensor ( 2.1.1.1[l| ). To do so we go again to the light 
cone gauge ( |2.1.1.13| ), i.e. set 



a' 



for n 7^ 0. 



(2.1.2.13) 



Now the constraint (2.1.1.10) can be used to eliminate X (up to x ), or alternatively 



the a„ and d„ , 



E 



oo 

E 

m=—oo 



-2a5n, 



-2a6n 



(2.1.2.14) 
(2.1.2.15) 



where a sum over repeated indices i from 2 to d — 1 is understood. The colon denotes 
normal ordering to be specified below. We have parameterized the ordering ambiguity 
by a constant a. (In principle one could have introduced two constants a, a. But this 



would lead to inconsistencies which we will not discuss here.) Equations ( 2.1.2.14 ) and 
( |2.1.2.15| ) are not to be read as operator identities but rather as conditions on physical 
states which we will construct now. We choose the vacuum as an eigenstate of the 



(2.1.2.16) 



with being an ordinary number. Further, we impose that the vacuum is annihilated 
by half of the vibration modes, 



for n > 0. 



(2.1.2.17) 



The rest of the states can now be constructed by acting with a certain number of 
QfL^ and a!_„ (n > 0) on the vacuum. But we still need to impose the constraint 
( 2.1.1.10| ). Coming back to ( p.l.2.l4 ) and (2.1.2.15) we can now specify what is meant 
by the normal ordering. The a\ (a^) with the greater Fourier index k is written to 
the right^. For n ^ ( 2.1.2.14| ) and ( [2.1.2.15] ) just tell us how any a~ or can be 



E.g. for fc > this implies that : aj.a!_j. := a!_j.Q;s,, i.e. the annihilation operator acts first on a 



state. 
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expressed in terms of the and a\. The nontrivial information is contained in the 
n = case. It is convenient to rewrite ( ^■1.2.1^ ) and ( 2.1.2.15 ) for n = 0, 



2p+p- - p'p' = 8{N -a) = 8{N - a), (2.1.2.18) 
where (doing the normal ordering explicitly) 

oo 

N = ^al^al (2.1.2.19) 

n=l 

oo 

N = Y.^'_A- (2.1.2.20) 



n=l 



The {N) are number operators in the sense that they count the number of creation 
operators aL„ (ckL„) acting on the vacuum. To be precise, the {N) eigenvalue of 
a state is this number multiplied by the index n and summed over all different kinds 
of creation operators acting on the vacuum (for left and right movers separately). 
Interpreting the p^ eigenvalue as the momentum of a particle ( 2.1.2.18| ) looks like 
a mass shell condition with the mass squared given by 

M'^ = S{N - a) = S{N - a). (2.1.2.21) 

The second equality in the above equation relates the allowed right moving creation 
operators acting on the vacuum to the left moving ones. It is known as the level 
matching condition. 

For example, the first excited state is 

a'_^oP_^\k). (2.1.2.22) 

By symmetrizing or antisymmetrizing with respect to j and splitting the symmetric 



expression into a trace part and a traceless part one sees easily that the states ( 2.1.2.22 ) 
form three irreducible representations of SO{d — 2). Since we have given the states 
the interpretation of being particles living in the targetspace, these should correspond 
to irreducible representations of the little group. Only when the above states are 
massless the little group is SO{d — 2) (otherwise it is SO{d — 1)). Therefore, for 
unbroken covariance with respect to the targetspace Lorentz transformation, the states 
( |2.1.2.22| ) must be massless. Comparing with ( 2.1.2.21 ) we deduce that the normal 
ordering constant a must be one, 

a = l. (2.1.2.23) 



In the following we are going to compute the normal ordering constant a. Requiring 
agreement with (2.1.2.23) will give a condition on the dimension of the targetspace 
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to be 26. The following calculation may look at some points a bit dodgy when it 
comes to computing the exact value of a. So, before starting we should note that the 
compelling result will be that a depends on the targetspace dimension. The exact 
numerics can be verified by other methods which we will not elaborate on here for 
the sake of briefness. We will consider only N since the calculation with is a very 
straightforward modification (just put tildes everywhere). The initial assumption is 
that naturally the ordering in quantum expressions would be symmetric, i.e. 

^ oo 

N-a = - Yl (2.1.2.24) 

n=— 00,717^0 



By comparison with the definition of N ( 2.1.2.19 ) and using the commutation relations 
( 12.1.2. Ill ) we find 



2 °° 



^n. (2.1.2.25) 



n=l 



This expression needs to be regularized. A familiar method of assigning a finite num- 
ber to the rhs of ( |2.1.2.25| ) is known as 'zeta function regularization'. One possible 
representation of the zeta function is 

oo 

C(s) = ^n-'. (2.1.2.26) 

n=l 

The above representation is valid for the real part of s being greater than one. The 
zeta function, however, can be defined also for complex s with negative real part. This 
is done by analytic continuation. The way to make sense out of ( |2.1.2.25| ) is now to 
replace the infinite sum by the zeta function 

a = -^C(-l) = ^. (2.1.2.27) 



Comparing with ( 2.1.2.23 ) we see that we need to take 

(1 = 26 (2.1.2.28) 

in order to preserve Lorentz invariance. This result can also be verified in a more rigid 
way. Within the present approach one can check that a = 1 and d = 26 are needed 
for the target space Lorentz algebra to close. In other approaches, one sees that the 
Weyl symmetry becomes anomalous for d ^ 26. 

Since and A^ are natural numbers we deduce from ( |2. 1.2.21] ) that the mass 



spectrum is an infinite tower starting from = —8 = — 4/a' and going up in steps of 
8 = 4/a'. The presence of a tachyon (a state with negative mass square) is a problem. 



2. Quantization of the fundamental string 



18 




Figure 2.1: Mass spectrum of the closed bosonic string 

It shows that we have looked at the theory in an unstable vacuum. One possibility 
that this is not complete nonsense could be that apart from the massterm the tachyon 
potential receives higher order corrections (like e.g. a power of four term) with the 
opposite sign. Then it would look rather like a Higgs field than a tachyon, and one 
would expect some phase transition (tachyon condensation) to occur such that the 
final theory is stable. For the moment, however, let us ignore this problem (it will not 
occur in the supersymmetric theories to be studied next). 

The massless particles are described by ( |2.1.2.22| ). The part symmetric in i,j and 
traceless corresponds to a targetspace graviton. This is one of the most important 
results in string theory. There is a graviton in the spectrum and hence string theory 
can give meaning to the concept of quantum gravity. (Since Einstein gravity cannot 
be quantized in a straightforward fashion there is a graviton only classically. This 
corresponds to the gravitational wave solution of the Einstein equations. The particle 
aspect of the graviton is missing without string theory.) The trace-part of ( |2. 1.2.22 



IS 



called dilaton whereas the piece antisymmetric in i,j is simply the antisymmetric ten- 
sor field (commonly denoted with B). A schematic summary of the particle spectrum 



of the closed bosonic string is drawn in figure 2.1. 

As a consistency check one may observe that the massive excitations fit in 50(25) 
representations, i.e. they form massive representations of the little group of the Lorentz 
group in 26 dimensions. 

As we have already mentioned, this theory contains a graviton, which is good since 
it gives the prospect of quantizing gravity. On the other hand, there is the tachyon, at 
best telling us that we are in the wrong vacuum. (There could be no stable vacuum 
at all ~ for example if the tachyon had a run away potential.) Further, there are no 
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target space fermions in the spectrum. So, we would like to keep the graviton but to 
get rid of the tachyon and add fermions. We will see that this goal can be achieved 
by quantizing the supersymmetric theories. 



2.1.2.2 Type II strings 



In this section we are going to quantize the (1,1) worldsheet supersymmetric string. 
We will follow the lines of the previous section but need to add some new ingredients. 
We start with the action ( |2.1.1.15 ). The equations of motion for the bosons X'^ are 
identical to the bosonic string. So, the mode expansion of the is not altered and 
given by ( |2.1.2.3 ) and ( |2.1.2.4 ). The equations of motion for the fermions are. 



0, 

: 0. 



(2.1.2.29) 
(2.1.2.30) 



Further, we need to discuss boundary conditions for the worldsheet fermions. Modulo 
the equations of motion ( p. 1.2. 29 ) and ( 2.1.2.3[)| ) the variation of the action ( 2.1.1.15 ) 
with respect to the worldsheet fermions turns out to bef^ 

^ {-iP+^d^Pt + iP-^6r^) . (2.1.2.31) 

For the closed string we need to take the variation of ip^ independent from the one of 
ip'^ at the boundary (because we do not want the boundary condition to break part 
of the supersymmetry (2.1.1.22) and ( 2.1.1.23] )). Hence, the spinor components can 
be either periodic or anti-periodic under shifts of a by vr. The first option gives the 
Ramond (R) sector. In the R sector the general solution to ( p. 1.2.29 ) and (2.1.2.30) 
can be written in terms of the following mode expansion 



— 2m(T— (t) 



neZ 



2m(r+(T) 



(2.1.2.32) 
(2.1.2.33) 



The other option to solve the boundary condition is to take anti-periodic boundary 
conditions. This is called the Neveu Schwarz (NS) sector. In the NS sector the general 
solution to the equations of motion ( |2.1.2.29| ) and ( |2.1.2.30 ) readsp^ 

iIj'1= Ke-^''^^-^\ (2.1.2.34) 



(2.1.2.35) 



^" Again we put a' = |. 

^^The reality (Majorana) condition on the worldsheet spinor components provides relations analo- 
gous to ( 2.1.2.5). 
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where now the sum is over half integer numbers (. . . , — |, ^, |, , 



For the bosons the canonical commutators are as given in (|2.1.2.7 ), ( ^.1.2 



Hence, the oscillator modes satisfy again the algebra ( 2.1.2.10] ) - ( p.1.2.12] ). World- 



sheet fermions commute with worldsheet bosons. The canonical (equal time) anti- 
commutators for the fermions are 

{^|;^ia),r+{<J')} = {r-i'J),r-{c^')} = 7rv''''5{a-a'), (2.1.2.36) 

= 0- (2.1.2.37) 

For the Fourier modes this implies 

{b^yj = {b'^X]=ri'^'^6r+s (2.1.2.38) 

in the NS sector^, and 

= {di^Jn} = ri^'Sm+n (2.1.2.39) 

in the R sectors. Like the bosonic Fourier modes these can be split into creation 
operators with negative Fourier index, and annihilation operators with positive Fourier 
index. What about zero Fourier index? For the NS sector fermions this does not occur. 
The vacuum is always taken to be an eigenstate of the bosonic zero modes where the 
eigenvalues are the target space momentum of the state. (This is exactly like in the 
bosonic string discussed in the previous section.) The Ramond sector zero modes 
form a target space Clifford algebra (cf ( |2.1.2.39|) ). This means that the Ramond 
sector states form a representation of the d dimensional Clifford algebra, i.e. they are 
target space spinors. We will come back to this later. Pairing left and right movers, 
there are altogether four different sectors to be discussed: NSNS, NSR, RNS, RR. 
In the NSNS sector for example the left and right moving worldsheet fermions have 
both anti-periodic boundary conditions. The vacuum in the NSNS sector is defined 
via ( |2.1.2.iq ), ( |2. 1.2.171 ) and 



^HA;) = 6^^) = for r > 0. (2.1.2.40) 

We can build states out of this by acting with bosonic left and right moving creation 
operators on it. Further, left and right moving fermionic creators from the NS sectors 
can act on ( p.l.2.40| ). We should also impose the constraints (|2. 1.1.24] ) - ( |2. 1.1.27] ) on 



those states. As before, we do so by going to the light cone gauge 

at = at = bt = bt = 0. (2.1.2.41) 



^^We say NS sectors and not NS sector because there are two of them; a left and a right moving 
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Then the constraints can be solved to eliminate the minus directions. The important 
information is again in the zero mode of the minus direction. This reads ( ^.1.2.18] ) 



8{Nns - cLNs) = 8{Nns - aNs)- 



(2.1.2.42) 



The expressions for the number operators are modified due to the presence of (NS 
sector) worldsheet fermions 



NnS = Yl «-n«n + Yl r^-vK. 



(2.1.2.43) 



n=l 



and the analogous expression for N^s- Its action on states is like in the bosonic 
case (see discussion below ( p.1.2.20 )) taking into account the appearance of fermionic 
creation operators. Again, we have put a so far undetermined normal ordering constant 
m ( p. 1.2.421) and taken normal ordered expressions for the number operators. Now, 
the first excited state is 



(2.1.2.44) 



Its target space tensor structure is identical to the one of (|2.1.2.22| ). In particular it 
forms massless representations of the target space Lorentz symmetry. Thus, Lorentz 
covariance implies that 



a-NS 



(2.1.2.45) 



should hold. 

We compute now a^s by first naturally assuming that a symmetrized expression 



appears on the rhs of (2.1.2.42). This gives (see also (2.1.2.25)) 



(2.1.2.46) 



n=l 



We use again the zeta function regularization to make sense out of ( |2.1. 2.461 ). For the 
second sum the following formula proves useful 



CXD 

E 

n=0 



(n + c) =C(-l,c) 



12 



(6c2 - 6c + l) . 



(2.1.2.47) 



(Note, that splitting the Ihs of ( |2.1.2.47| ) into C (— l)+c+cC (0) gives a different (wrong) 
result. This is because we understand the infinite sum as an analytic continuation of 
a finite one: (^^ + a)~^ with real part of s greater than one. For generic s the above 
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splitting is not possible.) Anyway, with the regularization prescription ( p. 1.2.47 ) we 
get for (|2.1.2.46| ) 

d-2 , , 

aNS = -TTT- 2.1.2.48 
lb 

We conclude that the critical dimension for the (1,1) worldsheet supersymmetric string 
is 

d = 10. (2.1.2.49) 

Like in the bosonic string there are more rigid calculations giving the same result. 

The massless spectrum from the NSNS sector is identical to the massless spectrum 
of the closed bosonic string. Again, we have a tachyon: the NSNS groundstate. Here, 
however this can be consistently projected out. This is done by imposing the GSO 
(Gliozzi-Scherk-Olive) projection. To specify what this projection does in the NS sector 
we introduce fermion number operators F {F) counting the number of worldsheet 
fermionic NS right (left) handed creation operators acting on the vacuum. In addition, 
we assign to the right (left) handed NS vacuum an F (F) eigenvalue of on^^ . Now, the 
GSO projection is carried out by multiplying states with the GSO projection operator 

Obviously this does not change the first excited state ( p. 1.2.44] ) but removes the tachy- 
onic NSNS ground state. There are several reasons why this projection is consistent. 
At tree level]^ for example one may check that the particles which have been projected 
out do not reappear as poles in scattering amplitudes. Imposing the GSO projection 
becomes even more natural when looking at the one loop level. In the Euclidean 
version this means that the worldsheet is a torus. Summing over all possible spin 
structures (the periodicities of worldsheet fermions when going around the two cycles 
of the torus) leads naturally to the appearance of ( 2.1.2.50| ) in the string partition 



function [ [415| | (see also p31| ]). The NSNS spectrum subject to the GSO projection 
looks as follows. The number operator ( |2.1.2.43| ) is quantized in half-integer steps. 
The GSO projection removes half of the states, the groundstate, the first massive 
states, the third massive states and so on. The NSNS spectrum of the type II strings 



is summarized in figure 2.2. 



We have achieved our goal of removing the tachyon from the spectrum while keep- 
ing the graviton. We also want to have target space spinors. We will see that those 



^^This means that we can write F — 1 + '}2r>o b^-rK, and an analogous expression for F 
*The wor 
2d signature. 



^*The worldsheet has the topology of a cylinder, or a sphere when Wick rotated to the Euclidean 
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Figure 2.2: NS-NS spectrum of the type II string. In comparison to figure 2.1 the 
horizontal axis has been stretched by a factor of two. 

come by including the R sector into the discussion. The most important issue to be 
addressed here is the action of the zero modes on the R groundstate. By going to the 
light-cone gauge, we can again eliminate the plus and minus (or the and 1) direc- 
tions leaving us with eightP| zero modes for the left and right moving sectors each. 
We rearrange these modes into four complex modes 

Di = dl + idl, (2.1.2.51) 

D2 = dl + idl, (2.1.2.52) 

D-i = dl + idl, (2.1.2.53) 

L>4 = dl + idl. (2.1.2.54) 

The only non-vanishing anti-commutators for these new operators are (/ = 1, . . . ,4; 
no sum over /) 



(2.1.2.55) 



In particular, the Dj and d\ are nilpotent. We can now construct the right moving 
R vacuum by starting with a state which is annihilated by all the -D/j^ 

L>/ I-, -,-,-) = for all/. (2.1.2.56) 

Acting with a d\ on the vacuum changes the Jth minus into a plus, e.g. 

dI\-, -,-,-) = 1-,-,+,-). (2.1.2.57) 



^^We use here the previous result that we need to have d = 10 in order to preserve target space 
Lorentz invariance. 



16 



In this notation we suppress the eigenvalue of the bosonic zero modes. 
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Acting once more with will give zero. Acting with on ( p. 1.2.57 ) will give back 



(p. 1.2.561 ) because of ( p.l.2.55|) . Thus, we have a 2^ = 16-fold degenerate vacuum. 
This gives an on shell Majorana spinor in ten dimensions. For the left movers the 
construction is analogous. (The above method to construct the state is actually an 
option to construct (massless) spinor representations when the dg are identified with 
the target space Gamma matrices.) Without further motivation (which is given in the 
books and reviews listed in section ^) we state how the GSO projection is performed 
in the R sector. First, we define 

(-1)^ = 2Ul44dl4dldldl (-l)S„>o'i-n4 , (2.1.2.58) 

where the factor of 2^ has been introduced such that (— )^^ = 1, ensuring that 
(2.1.2.59) defines projection operators. Note also that F'^ = V^d^ satisfies the canon- 



ically normalized Clifford algebra {F^,F^} = 2ri^'^ . For the groundstate this is just 
the chirality operator (the product of all Gamma matrices) in the transverse eight 
dimensional space. Now, we multiply the R states by one of the following projection 
operators 



,± _i±(zi) 

2 



Peso = (2.1.2.59) 



We perform the analogous construction in the left moving R sector. There are essen- 



tially two inequivalent options: we take the same sign in (2.1.2.59) for left and right 
movers, or different signs. Taking different signs leads to type IIA strings whereas the 
option with the same signs is called type JIB. Multiplying the R groundstate with one 
of the operators ( ^.1.2.59] ) reduces the 16 dimensional Majorana spinor to an eight 
dimensional Weyl spinorp]. 

To complete the discussion of the R sector we have to combine left and right movers, 
i.e. to construct the NSR, RNS, and RR sector of the theory. Let us start with the 
NSR sector. The mass shell condition ( p.l.2.42| ) reads now 

2p+p- - pY = 8 (^Nns - ^) = ^^R^ (2.1.2.60) 

where the number operator in the R sector is given as 

00 00 
Nr = J2 "-n"! + Yl ndlndL, (2.1.2.61) 



n=l n=l 



and the analogous expression for the left movers. We have put the normal ordering 
constant in the Ramond sector to zero. This can easily be justified by replacing the 



ITr- 



The two different choices in ( I2.I.2.59I ) give either the 8s or the 8c representation of SO{8) men- 



tioned in section l.l.l.c 
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half integer modded sum over r by an integer modded one in (2.1.2.46). Level matching 



implies that the lowest allowed state in the NSR sector is massless and given by 

bli\k)ua (2.1.2.62) 

2 

where Ua denotes the eight component Majorana-Weyl spinor comming from the R 



ground states surviving the GSO projection. The 64 states contained in ( 2.1.2.62 ) 
decompose into an eight dimensional and a 56 dimensional representation of the target 
space little group SO (8). The 56 dimensional representation gives a gravitino of fixed 
chirality, whereas the eight dimensional one gives a dilatino of fixed chirality. 

The discussion of the RNS sector goes along the same line giving again a gravitino 
and a dilatino either of opposite (to the NSR sector) chiralities corresponding to type 
IIA theory, or of the same chiralities when the type IIB GSO projection is imposed. 

Finally, in the RR sector the lowest state is obtained by combining the left with 
the right moving vacuum. This state is massless due to the normal ordering constant 
aR = 0. It has 64 components. The irreducible decompositions of the RR state 
depend on whether we have imposed GSO conditions corresponding to type IIA or 
type IIB. In the type IIA case the 64 states decompose into an eight dimensional 
vector representation and a 56 dimensional representation. Thus in the type IIA 
theory, the RR sector gives a massless U{1) one- form gauge potential and a three- 
form gauge potential Cf^^p- In the type IIB theory the 64 splits into a singlet, a 28 and 
a 35 dimensional representation of SO (8). This corresponds to a "zero- form" <!>', a 
two- form B'^j^, and a four- form gauge potential with selfdual field strength C*^^^^. The 
particle content of the type II theories can be arranged in to = 2 supermultiplets of 
chiral (type IIB) or non-chiral (type IIA) ten dimensional supergravity. The (target 
space bosons of the) massless spectrum of the type II strings is summarized in table 



2.1 



2.1.2.3 The heterotic string 

Since the heterotic string is a bit out of the focus of the present review we will briefly 
state the results. The starting point is the action (2.1.1.32). Without the this 



looks like the type II theories with the left handed worldsheet fermions removed. 

Indeed, this part of the theory leads to the spectrum of the type II theories with 
only the NS and R sector. The massless spectrum corresponds to = 1 chiral 
supergravity in ten dimensions. It corresponds to the states (the are the Fourier 
coefficients for the left moving bosons, and the 6* for the right moving fermions in the 
NS sector) 

diib{, \k) , (2.1.2.63) 
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in the NS sector, and 

a'_^\k)ua (2.1.2.64) 

in the R sector, where we denoted again the GSO projected R vacuum with Ua- The 
above states must be massless since they form irreducible representations of 50(^ — 2). 
Focusing on the right moving sector we can deduce that the right moving normal 
ordering constant must be ^ like in the type II case. Hence, the number of dimensions 
(range of ^) is ten. As it stands the above spectrum leads to an anomalous theory. 
But there is still the option of switching on the A^. Let us first deduce the number 
of additional directions (labeled by A) needed. In the sector where the vacuum is 
non degenerate due to the presence of the A^, we know that we need the left moving 
normal ordering constant to be one. (Otherwise the states (2.1.2.63) would not be 



massless, but still form SO{d — 2) representations.) The vacuum does not receive 
further degeneracy in the sector where all of the A^ have anti-periodic boundary 
conditions. In this sector the normal ordering constant is (see also ( p.l.2.46| )), the 
label A stands for anti-periodic 

d-2 D 

aA = ^ + ^, (2.1.2.65) 

where we have called the number of additional directions D [A = 1,... ,D). The 
consistency condition ua = ^ tells us that there must be 32 additional directions, 

D = 32. (2.1.2.66) 

Let us first discuss the simplest option, namely that all of the A^ have always 
identical boundary conditions, either periodic or antiperiodic. In the periodic sector 
one easily computes that the normal ordering constant ap is negative (— |). Hence, 
there are no massless states in this sector. In the NS sector we find in addition to 
( |2.1.2.63| ) the massless states (denoting with the Fourier coefficients of in the 
anti-periodic sector) 

b^ib^ibli\k) . (2.1.2.67) 

2 2 2 

Since the b^ anti-commute this is an anti-symmetric 32 x 32 matrix. In addition it 
is a target space vector (because of the index i). Therefore, the state ( p.l.2.67| ) is an 
50(32) gauge field. The corresponding R sector provides (after imposing the GSO 
projection) fermions filling up an = 1 supermultiplet in ten dimensions. Together, 
with this 50(32) Yang-Mills part the ten dimensional field theory with the same 
massless content is anomaly free. The GSO projection in the periodic sector is such 
that only states with an even number of left moving fermionic creators survive. In the 
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# of Q's 


# of -^^.'s 


massless bosonic spectrum 


IIA 


32 


2 


NSNS 


G^u^ B^vi $ 


RR 




IIB 


32 


2 


NSNS 


Gp,v, B^y, <!> 


RR 


C* B' 


heterotic 

^8 X ^8 


16 


1 


in adjoint of x E'g 


heterotic 
50(32) 


16 


1 


Al in adjoint of S'0(32) 



Table 2.1: Consistent closed string theories in ten dimensions. 



P sector it removes half of the groundstates (leaving only spinors of definite chirality 
with respect to the internal space spanned by the A directions). 

Another option is to group the into two groups of 16 directions. Then we would 
naturally split the state ( p.l.2.67|) into three groups: (120, 1), (1, 120), and (16, 16), 
depending on whether A and B in ( |2.1.2.67| ) are both in the first half (1,... ,16), 
both in the second half (17, . . . , 32), or one of them out of the first half and the other 
one out of the second half. So far, this gave only a rearrangement of those states. 
But now we impose the GSO projection such that only states survive where an even 
number of fermionic left moving creators act in each half separately. This removes the 
(16, 16) combination. Further, when we split the range of indices into two groups of 
16 each, there will be additional massless states. It is simple to check that in the sector 
where half of the boundary conditions are periodic and the other half is anti-periodic 
(the AP or PA sector), the left moving normal ordering constant vanishes. Hence, the 
corresponding ground states give rise to massless fields, provided right moving creation 
operators act such that level matching is satisfied. This gives (removing half of those 
states by GSO projection) (128, 1) additional massless vectors from the PA sector, 
and another (1, 128) from the AP sector. Together with the vectors from the AA 
sector this gives an £"§ x Yang-Mills field. The R sector state fills in the fermions 
needed for A'^ = 1 supersymmetry in ten dimensions. This corresponds to the other 
known = 1 anomaly free field theory. 

The bosonic parts of the massless spectra of the consistent closed string theories in 
ten dimensions is summarized in table 2T. We have added the number of supercharges 
Q from a target space perspective, and also the number of worldsheet super symmetries 
■j/;^, in the NSR formulation. 
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2.1.3 Strings in non-trivial backgrounds 

In the previous sections we have seen that ah closed strings contain a graviton, a 
dilaton, and an antisymmetric tensor field in the massless sector. This is called the 
universal sector. So far, we have studied the situation where the target space metric is 
the Minkowski metric, the antisymmetric tensor has zero field strength and the dilaton 
is constant. In order to investigate what happens when we change the background, 
we need to modify the action ( |2.1.1.3 ) as follows (this action is called the string sigma 
model) 

S = -^jd^^ {V^r^G^, (X) d^X^dfiX^ + ie"^i?^, (X) d^X^df^X' 

~h I d'<rV7^{X)R^^\ (2.1.3.1) 

where -R^^-* is the scalar curvature computed from 7q,^ . Throughout this section we will 
consider a Euclidean worlsheet signature. Note, that the dilaton term does not contain 
;'. In general, the theory ( p. 1.3.1 ) cannot be quantized in an easy way. The best one 



a 



can do is to take a semiclassical approach. Since a' enters like h in ordinary field 
theories this will result in a perturbative expansion in a' . The term with the dilaton 
can be viewed as a first order contribution in this expansion. Without this term. 



(2.1.3.1) has again three local symmetries: diffeomorphisms and Weyl invariance. The 
dilaton term breaks Weyl invariance in general. We will be interested in the question 
under which circumstances Weyl invariance remains unbroken in the semiclassically 
quantized theory. To answer this, first note that G^^, B^^, and ^ can be viewed as 
couplings from a two dimensional perspective. Weyl invariance in particular implies 
global scale invariance. But scale invariance is related to vanishing beta functions in 
field theory. Thus, we will compute the beta functions of G^^, -B^i^ and $ as a power 
series in a' . However, there is a subtlety here. Under field redefinitions (infinitesimal 
shifts of X by X [X] ) the couplings change according to 

6G^, = 2D^^Xu), (2.1.3.2) 

6B^, = x'Hpp, + df,L,-d,L^, (2.1.3.3) 

5$ = x'dp^, (2.1.3.4) 

where we have defined 

Hpx. = dpBx. + dxB,p + d,Bpx (2.1.3.5) 

and 

= x'B^p. (2.1.3.6) 
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Expression ( 2.1.3.5| ) defines a field strength corresponding to the B field. It is invariant 
under a f7(l) transformation 

6B^, = d[^V,], (2.1.3.7) 

with being an arbitrary target space vector. It is easy to check that also ( p. 1.3.1 ) 
possesses the invariance ( 2.1.3.7 ). The symmetry ( 2.1.3.7 ) can be taken care of by 
allowing for arbitrary in ( 2.1.3.3| ). Thus the couplings and hence the beta functions 
are not unique. But actually we will be not just interested in vanishing beta functions. 
This would ensure only global scale invariance. The requirement of Weyl invariance is 
more strict and will fix the arbitrariness. 

In order to compute the beta functions, we need to fix the worldsheet diffeomor- 
phisms. We leave the explicit form of the fixed metric 7q,^ unspecified. The gauge 
fixing procedure introduces ghosts, the diffeomorphism invariance is replaced by BRST 
invariance. The ghost action depends only on the 2d geometry. Therefore, we expect 
that the ghosts contribute only to the dilaton beta function. We will not treat them 
explicitly but guess their contribution in the end of this section. The semiclassical ap- 
proach means that we start from some background string satisfying the equations 
of motion. We study the theory of the fluctuations around this background string. 
Instead of using the fluctuation in the coordinate field X^ we will take the tangent 
vector to the geodesic connecting the background value with the actual value X^. 
This difference is supposed to be small in this approximation. In order to compute 
the tangent vectors we connect the background value and the actual position of the 
string by a geodesic. The line parameter t is chosen such that at t = we are at the 
background position and at t = 1 at the actual position. The geodesic equation is (the 
dot denotes the derivative with respect to t), 

+ r^^pA'^A^ = (2.1.3.8) 

and the boundary conditions are 

A^ (0) = , A^^ (1) = X^. (2.1.3.9) 

Note that the target space Christoffel connection F^^p depends on X^. The first non- 
trivial effects should come from terms second order in the fluctuations in the action. 
(First order terms vanish when the background satisfies the equations of motion.) We 
call the tangent vector to the geodesic (at X^) 

^/^ = A'^(0). (2.1.3.10) 

One can solve ( |2. 1.3.81 ) iteratively leading to a power series in t, 

(t) = x^+ et - Ir^.p^et' - l^r'^.p.eeet' + . . . , (2.1.3.11) 
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where 

^upK — ^i^r^^K — '^y^^K ~ ^'vp^Xk, ~ ^^K^^pX- (2.1.3.12) 

Further, we may choose local coordinates such that only the constant and the term 
linear in t appears in ( |2.1.3.1l| ) and all higher order terms vanish in a neighborhood 
of X^^. (This is done by spanning the local coordinate system by tangent vectors to 
geodesies.) The corresponding coordinates are called Riemann normal coordinates. In 
these coordinates the Taylor expansion of the various terms in (2.1.3.1) around 
takes the following form (up to second order in the fluctuations), 

do^x^' = d^x^'+D^e + \R\.u{x)eedaX\ (2.1.3.13) 

G^AX) = G^,{X) -^R^p,^{X)ei^ (2.1.3.14) 

B^,{X) = B^,{X)+DpB^,{X)e + lDxDpB^,{X)^^e 

-^R\,,^Bx, {X) + lR\u.Bxf, (X) e^e, (2.1.3.15) 

$(X) = ^{X)+D^^{X)e + \DpD,^{X)ee, (2.1.3.16) 

where Dp denotes the usual covariant derivative in target space, and R^upa is the 
target space Riemann tensor 

R^px = dpT^^^ - dxTiip + r-,rfi^ - r-^r^:^. (2.1.3.17) 

Note that in the Riemann normal coordinates the contributions quadratic in the 
Christoffels vanish. Further, we have defined 

Dae = + r^^a^X^ (2.1.3.18) 

Collecting everything, one can expand the action ( 2.1.3.1| ) in a classical contribution 
S'o and a contribution due to fluctuations. There will be no part linear in as long 
as X^ satisfies the equations of motion. The first non-trivial part is quadratic in the 
e- We denote it by 

5(2) = ^g) + sg) + 42)^ (2.1.3.19) 
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with (the background fields G, B and $ are taken at X^) 

+Rp^,nudaX^'dpX''ee) , (2.1.3.20) 

+^DxHp^,^^^PdaX''dpX''^ (2.1.3.21) 

4'^ = --tj d^''^/lR^^^\D^D,^ee- (2.1.3.22) 
The next step is to redefine the fields in terms of a vielbein, 

= S^^^^ (2.1.3.23) 

with 

G^, = E^E^rjAB, (2.1.3.24) 

E^E^B = VAB. (2.1.3.25) 

In what follows, capital latin indices will be raised and lowered with the Minkowski 
metric. The normal coordinate expansion is useful not only to get the expressions 
(|2.1.3.2q ), ( |2. 1.3.211 ), (I2.1.3.22D in a covariant looking form. An important advantage 
of this method is that the functional measure (in a path integral approach) for the 
is the usual translation invariant measure. This will simplify the computation of 
the partition function. In order to be able to do the field redefinition ( p. 1.3. 23 ) 



m a 



meaningfull way we have to ensure that the fiuctuations are parameterized by target 
space vectors. The tangent vectors to geodesies connecting the background with the 
actual value are a natural choice. Before writing down the action in terms of the 
we will absorb the first term in ( p.l.3.2l] ) in an additional connection in the kinetic 
term (the first term in ( p.l.3.20] )). That can be done by adding and subtracting a 
term looking like 

daXPd''x^H,\H,x,eC- 

We define the covariant derivative on by plugging ( 2.1.3.23| ) into ( |2.1.3.18 ) and 
introducing an additional connection 



-Da^^ = D^i^ + '-I^dpXPE^H^r^E'i.e, (2.1.3.26) 



where D^^,^ corresponds to the contribution from ( 2.1.3.18| ). The part of the action 
quadratic in fluctuations finally takes the form 

5^'^ = -^l d^'^Vl [T^V^i^'VpU + MAB^e) , (2.1.3.27) 
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where the potential is 

Mab = i''^dc,X^'dpX''g^,AB + i^daX'^d^X'^B^^AB + a'R^^^J^AB. (2.1.3.28) 

The matrices Q , B and J- do not have an explicit dependence on the worldsheet 
coordinates and are given by 

GfiuAB = Ej^E% ^Rpfj^Ku — -^H^^ ^H,yx^ , (2.1.3.29) 
Bf,,AB = ^DxHp^^E^EP^, (2.1.3.30) 
:Fab = ^E'^E'bD^D,'^. (2.1.3.31) 

Since the action ( p.l.3.27| ) is quadratic in the fluctuations, integrating over the fluc- 
tuations will result in the determinant of an operator. For the general form of the 



operator in ( 2.1.3.27 ) it is very covenient to use known formulae from the heat kernel 



technique. In the heat kernel approach the partition function 



can be expressed as a formal sum [202, B3| 



n=-2 



where e is a dimensionless UV cutoff and is a mass scale introduced for dimensional 
reasons. The symbol O stands for the operator whose determinant is of interest. We 
rescale t by a' such that O has mass dimension 2.|^ In order to compute the beta 
functions, we are interested in the logarithmically divergent piece, i.e. in a2- This can 



be found in the literature! 202 



a2 = ^ I dVV7 (-Ml + . (2.1.3.33) 



The divergence can be cancelled by adding appropriate counterterms to the action. 

This amounts to a replacement of the bare (infinite) couplings G^jy, -B^i/, ^ in the 

^^The appearance of a power series in a' is more obvious in a Feynman diagramatic treatment. 
There, the propagator goes like a' whereas vertices go like 1/q'. This relates directly the order of a' 
in logarithmically divergent diagrams to the number of loops. The disadvantage of this approach is 
that the discussion for a general worldsheet metric 7 is more involved. Fixing 7 to be the Minkowski 
metric results in problems when computing the dilaton beta function since i?'^' vanishes for this 
choice. 
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following way, 



a' 



G^u = G;;r-ylogKA)a^.A^, (2.1.3.34) 



a' 



= B'^;^--\og{^?/e)B^,A^, (2.1.3.35) 
$ = $---ilog(^Ve) (-^ + «'-^A^), (2.1.3.36) 



where Q, B and J- are as defined in (|2.1.3.29|) , ( p.l.S.Sq ) and (|2.1.3.31|) but now m 



terms of the renormalized couplings. Further, we have included a possible contribution 
of the diffeomorphism fixing ghosts. Their action depends only on the intrinsic two 
dimensional geometry and neither on the embedding in the target space nor on the 
form of the background fields G^^^ B^i, and Therefore, the ghosts can contribute 
only a constant renormalization of the dilaton <I> which we have parameterized by Cg 
in ( |2.1.3.36| ). The beta functions can be computed by taking the derivative of the 
renormalized couplings with respect to log ^ using the fi independence of the bare 
couplings. Up to order a' this leads to (they are all expressed in terms of renormalized 
quantities and we supress the corresponding superscript in the following) 

PiFJ = a' (^M- - ^ V^-Ap) , (2.1.3.37) 
P^u^ = ^D^Hx^,, (2.1.3.38) 

= -^±^ + ^D^<P. (2.1.3.39) 
6 2 



Because of the ambiguities related to the field redifinitions ( 2.1.3.2| ) - (2.1.3.4) we 



cannot just set the beta functions to zero but only deduce that the model is Weyl 
invariant (in first approximation) if 

PfJ = 13^P +D^^M,)=Q, (2.1.3.40) 
^i^^ = + \H^/Mx + d^^L,^={), (2.1.3.41) 

^ + = (2.1.3.42) 

The vectors and are not fixed by just checking for global scale invariance. In 
order to compute them we would need to impose (local) Weyl invariance. This could 
be done by computing the expectation value of the trace of the energy momentum ten- 
sor. Instead of doing so, we will choose a rather indirect way of fixing the ambiguity. 
Implicitly, we will be using a theorem stating that ^5^*^ is constant if ( 2.1.3.40 ) and 



(2.1.3.41) are satisfied! 111]. In other words this means that up to a constant contribu- 



tion ( |2.1.3.42| ) should be an integrability condition for the other two equations. Before 
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deriving such a condition we need to study of which form the vectors and could 
be at the given order in a' . We want to express a vector in terms of our background 
fields G^jy, ^ and B^j^. The field B^^, should enter only via the gauge invariant field 
strength Hfj_y\ (since we have performed partial integegrations in S**-^-* such that the 
beta functions come out in a gauge invariant form). With this information it is easy 
to check that the only option we have is (a is some constant) 

M^ = ad^^ , L^ = 0, (2.1.3.43) 

where we do not consider a gradient contribution in since this would not be relevant. 
The next step is to take the divergence of ( |2.1.3.40| ). Using the Bianchi identity (i.e. 
the vanishing divergence of the Einstein tensor), the identity 



and equations ( 2.1.3.40 ) and ( |2.1.3.4l| ) one obtains 
where we have defined 

= Hp^xH^"^. (2.1.3.45) 



On the other hand, equation ( 2.1.3.42 ) implies 



D^l^DH + ^id^f] =0. (2.1.3.46) 



Without the H"^ term, (|2.1.3.44| ) and (|2.1.3.46D would be the same. The term in 



the dilaton beta function is actually missing in our computation since we took into 
account only one loop contributions. Any counterterm in the action leading to an 
order a' contribution in the dilaton beta function should be linear in a' . Since, at tree 
level the B field enters with a factor ^ , the term in corresponds to a two loop 
contribution. In our implicit approach we obtained this term (and in fact all order a' 
terms in /?(*)) without doing a two loop analysis. 

We were not able to fix the value of the constant a, however. This is because 
it could be absorbed in a rescaling of the field ^. But this would change the ratio 
of the constant contribution to the dilaton beta function to the other contributions. 
Therefore, a is not arbitrary. The constant a can be fixed for example by studying 
models with trivial metric and B field and a linear dilaton. These models are much 
easier to treat than the generic one. The result is 

a = 2a. (2.1.3.47) 
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Let us discuss the case of trivial metric and vanishing B field a bit further. For a 
linear dilaton, the (3^'^^ and f3^^^ vanish identically. According to the previously stated 
theorem (and to our result) the function is constant in this case. Models with 
that feature are known as conformal field theories. The constant dilaton /3 function 
is related to an anomaly of the transformation of the energy momentum tensor under 
conformal coordinate changes (while keeping the worldsheet metric fixed). If we fix 
the worldsheet metric to be the Minkowski metric the anomalous transformation of 
the energy momentum tensor with respect to ( 2.1.1.9| ) reads 

= ' r,+.+ (a+) + a+) (2.1.3.48) 

where the second term denotes the Schwarz derivative 

Siw,z) = y ^ , (2.1.3.49) 

where z is a function of w and the primes denote derivatives. The Schwarz derivative 
has the following chain rule 

S{w{v{z)),z) = (^] S{v,z) + S{w,v). (2.1.3.50) 



The transformation law ( p. 1.3. 48 ) is the most general possibility such that associa- 



one 



tivity holds. An analogous consideration applies to T Now, from (2.1.3. 

can deduce part of the operator product expansion (OPE) of two energy momentum 
tensors. To this end, one considers infinitesimal transformations and uses the fact that 
they are generated by T-f+. One obtains the following OPE 

Ta+a+ (^+) T^+a+ {^^) = ..^^'^ , .4 + 77— ^—72^-+-+ (^^) 

((7+ — (T+) ((T+ — Cr + ) 

+ ^+^^+ 9<x+7;+<x+ K) + ■ • • , (2.1.3.51) 

where the dots stand for terms which are regular for = . For linear dilaton 
backgrounds this OPE can easily be computed directlyP^ leading to ( 2.1.3.47 ). 



It remains to fix the contribution coming from the gauge fixing ghosts c„. This 



can of course be calculated directly] 375 , 376]. Here, we will guess it correctly, instead 



From our discussion of the quantized bosonic string in the light cone gauge in p.l.2| we 
remember that the classical Lorentz covariance was preserved in d = 26. Comparing 
with (|2. 1.3.481 ) we observe that our gauge fixing procedure was justified only if c = 0. 
Since, we did not have a linear dilaton background there, this can happen only if 

c„ = -26. (2.1.3.52) 



^^One should first compute Tag by varying the action with respect to 7^/3, and gauge fix -ya/s = rja/} 
afterwards. 
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Equation ( p.l.3.52| ) can be confirmed by an explicit computation (wfiicli can also be 



viewed as an alternative way of deriving the critical dimension). 

Given the fact, that a linear dilaton contributes to c, one may want to go directly to 
d = 4 by switching on a linear dilaton. One obvious problem with this is however that 
target space Lorentz covariance is broken explicitly - there is a distinguished direction 
in which the dilaton derivative points. The more useful way of getting away from a 
26 dimensional target space is to replace 22 of the string coordinates by a conformal 
field theory with central charge d — > c = 22. 

To summarize, up to order ol the action ( 2.1.3.1| ) is Weyl invariant provided that 
the following set of equations holds, 

- ^^^MPA^/V 2Z)^5,«> = 0, (2.1.3.53) 

Ad^H^^,^R^^^,D^^ = 0, (2.1.3.54) 

^{d-2^)-^aD^^ + d (d^f -—H'^ = 0. (2.1.3.55) 
6 2 24 

2.1.4 Perturbative expansion and effective actions 

In the previous section we have seen that imposing Weyl invariance provides us with 
constraints on the background in which the string propagates. These constraints can 
be viewed as equations of motion for the background fields. Lifting those up to an 
action would then yield an effective field theory description for the string theory. We 
have discussed only the bosonic string, but an extension to the superstring is possible. 
It may however be problematic. In the NSR formalism it is for example not possible 
to include terms into the string sigma model which would correspond to non-trivial 
RR backgrounds. Therefore, we will sketch an alternative method of computing an 
effective action here. We will not present any explicit calculations but just describe the 
strategy. Starting from the spectrum and the amount of supersymmetries belonging to 
a certain string theory one can write down a general ansatz for an effective field theory 
action of the string excitation modes. This ansatz can be further fixed by comparing 
scattering amplitudes computed from the effective description to amplitudes obtained 
from a string computation. The string amplitudes can be described in a diagramatic 
fashion as depicted in figure |2.3| . 

The external four legs (hoses) correspond to the two incoming particles scattering 
into two outgoing particles. The expansion is in terms of the number of holes (the 
genus) of the worldsheet. The first diagram in |2.3| correponds to two incoming strings 
joining into one string which in turn splits into two outgoing strings. In that sense it 
contains two vertices. Analogously the second diagram contains four vertices and so 
on. Assigning to each vertex one power of the string coupling gs, this gives a formal 
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Figure 2.3: Perturbative expansion of the four point function in a string computation 



power series 



A 



oo 
n=0 



(2.1.4.1) 



This power series can be truncated after the first contributions as long as ^ 1. It 
remains to specify what is. To this end, we first observe that the power of gg in the 
expansion terms in ( ^.1.4.1 ) is nothing but minus the Euler number of a worldsheet 
with n handles and four boundaries. From ( |2.1.3.1| ) we know that the dilaton <I> 
couples to the Euler density of the worldsheet. This follows immediately from the 
Gauss-Bonnet theorem 



,\s2(l 



n 



(2.1.4.2) 



where n is the number of handles and b is the number of boundaries of the two 
dimensional worldsheet. (The calculation of the scattering amplitudes is performed 
after the worldsheet signature has been Wick rotated to the Euclidian one.) Thus, one 
can identify 



9s 



(2.1.4.3) 



where ($) denotes a constant vacuum expectation value (VEV) of the dilaton. (Re- 
member from the previous section that a constant contribution to ^ was not fixed 
by the conformal invariance conditions. This is true for all string theories as can be 



easily seen by noticing that a constant shift in $ shifts the action ( 2.1.3.1 ) by a con- 
stant.) Therefore, the string coupling is an arbitrary parameter in the perturbative 
approach to string theory. It is only restricted by the consistency requirement that 
the perturbative expansion in figure |2.3| should not break down, i.e. <C 1. 

There is also a second approximation in the computation of the scattering ampli- 
tudes. Since the massive string states have masses of the order of the Planck mass, 
they are "integrated out". This means that we are interested in effects below the 
Planck scale where those fields do not propagate. The effective field theory actions 
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contain only the massless modes. For consistency, one should then restrict to processes 
where the momentum transfer is <^ 1/a' . 

The (bosonic part of the) effective Lagrangians with at most two derivatives and 
only the massless fields turn out to be 

S = Suniv + Sraodeh (2.1.4.4) 

where Suniv does not depend on which of the superstring theories we are looking at, 
and Smodei is model dependent. The universal sector has as bosonic fields the metric, 
the dilaton, and the B field. The corresponding action is 



Suniv = ^J d'"xV-Ge~"^ + 4 {d^Y - —H'j , (2.1.4.5) 

where ~ (a')^ is the ten dimensional gravitational constant. Note that the set 
of equations of motion obtained from this action coincides with the conformal invari- 
ance conditions (2.1.3.53)- (2.1.3.55), with the difference that for the superstring the 
constant contribution in the dilaton equation vanishes for d = 10. 

For type II strings there are additional contributions giving the kinetic terms for 
the RR gauge forms and Chern-Simons interactions, 

SLdei = / (2.1.4.6) 

where -Fp+2 is the fieldstrength of a p + 1 form RR gauge field (plus -in some cases- 
additional contributions which we will discuss later), 



dAp+i + ... . (2.1.4.7) 



The number p is the spatial extension of an object which couples electrically to the 
p + 2 form gauge field. In the worldvolume action of the corresponding p dimensional 
object this coupling is 

j dP+^a ie°i-"''+^5,,X'^i . . . (2.1.4.8) 

For a point particle (p = 0) the above expression reads for example 

dr-^A,. 

Prom expression ( 2.1.3.1| ) we observe that the fundamental string is electrically charged 
under the NSNS B field. We will meet objects which are charged under the RR gauge 
forms when discussing D-branes in section 2.3. For the type II A theory we have 
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p = 0,2,4. Alternatively we could replace the field strength in ( |2.1.4.6 ) by its Hodge 
dua|3 

Fs-p = *Fp+2- (2.1.4.9) 
In the type IIA theory the definition ( p. 1.4. 7 ) is modified for the four form field strength 

Fi = dA3 + AiAH, (2.1.4.10) 
leading to a non standard Bianchi identity for the four form field strength 

dFi = F2AH. (2.1.4.11) 
Finally, the Chern-Simons interaction for type IIA is 



^cf = - A I Fi^F^AB. (2.1.4.12) 



For type IIB theories one has p = — 1, 1, 3. For p = —1 the gauge form is a scalar, 
which is called axion. The object which is electrically charged under this zero form is 
localized in space and time. This is an instanton. The definition of the field strength 
( |2.1.4.7| ) receives further contributions for p = 1 and p = 3 

F3 = dA2-AoAH, (2.1.4.13) 

F5 = dA4 - ^A2 A H + -^B A F3. (2.1.4.14) 
V 3 v 3 

The Chern-Simons interaction for the type IIB theory is 

SUs" = -4^ / ^4 A A F3. (2.1.4.15) 

The five form field strength has to be selfdual. This is not encoded in the action 
( 2.1.4.6| ) but has to be added as an additional constraint, 

F5=*F5. (2.1.4.16) 

In the heterotic string we have gauge fields transforming in the adjoint of 50(32) 
or Eg X Eg. Their field strength is defined as (we assign mass dimension one to the 
gauge fields A - this is related to a Va' rescaling of A) 

F = dA + AAA. (2.1.4.17) 



^"This can be done by adding the Bianchi identity dFp+2 ~ d{- ■ ■) with a Lagrange multiplier to 
the action and integrating out Ap+i. Because of covariance the Lagrange multiplier is a 7 — p form 
and its field strength is an 8 — p form. 
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The definition of H in ( p. 1.4. 5 ) needs to be modified^ 



H = dB - — {loy - ujl) ■ (2.1.4.18) 
Tlie Yang-Mills Chern-Simons form ujy is 

2 

ujy = trAAdA + -trAAAAA, (2.1.4.19) 
3 

where A is the gauge connection of either x Eg or SO (32). The modification 
( |2.1.4.18| ) implies that the B field transforms under gauge transformations and under 
local Lorentz rotations in a non-trivial way such that H is gauge invariant. The 
Yang-Mills Chern-Simons form has the property that its exterior derivative gives the 
instanton density (in a four dimensional subspace with Euclidean signature), 

dujY = trFAF. (2.1.4.20) 

The Lorentz Chern-Simons form is constructed from the spin connection w, 

2 

doJL = truj Aduj + -troj f\uj f\uj. (2.1.4.21) 
3 

If its exterior derivative takes values only on a four dimensional submanifold with 
Euclidean signature it corresponds to the Euler density of that manifold, 

dwL = trRAR. (2.1.4.22) 

If we take the ten dimensional geometry to consist of a direct product of a six dimen- 
sional non compact and a four dimensional compact space (with Euclidean signature) 



the modification ( 2.1.4.18 ) implies restrictions on the allowed gauge bundles on the 
four dimensional compact space. The integration of dH over a compact space should 
vanish. It follows that the Euler number of this space must be equal to the instanton 
number of the gauge bundle. 

In addition to the universal piece ( |2.1.4.5| ), the heterotic action contains a gauge 
kinetic term and also the Green-Schwarz term which ensures anomaly cancellation 

ohetevotic C i C /'O 1 /I 0Q^ 

•^model — ^gauge i" ^GS^ 

with 

Sgauge = / d^^e'^"^ ^tv F\ (2.1.4.24) 



^^We present the effective action for tfie heterotic string just for completeness, more details on 
differential ge ome try and anomaly cancelation in the context of the effective heterotic theory can be 



found e.g. in [223 
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where again, the trace is taken over the gauge group {Eg x Eg or 50 (32)). The 
Green-Schwarz term is 

Sgs = -^ BAXs, (2.1.4.25) 
a J 

with (here, a power is meant with respect to the wedge product, e.g. = FAFAFAF) 

Xs = ( -trF* - - (trF^f - -trFHrR^ + -tri?^ + - {trR^f\ 

^ 2 (27r)M8 V4 8 ^ ^ 8 8 32 ^ V 

(2.1.4.26) 

To close this section on effective actions we identify the different contributions 
with the worldsheet topologies they correspond to. First, we observe that all the 
terms appearing in the effective actions are of a structure such that they contain some 
power of e* times a factor which is invariant under constant shifts in <I>. In ( p. 1.4. 3 ) 



we have identified the string coupling as a constant part of e*. Thus, the leading term 



in the perturbative expansion in figure 2.3 enters the effective action accompanied 



with a factor of e These are all terms in ( ^.1.4.5 ) and the gauge kinetic term 



in the heterotic theory ( [2.1.4.24] ). One may be tempted to interpret the other terms 
(containing no e~'^* factor) as one loop contributions. This is, however, misleading. 
In order to simplify the Bianchi identities for the RR gauge forms we have rescaled 
the RR gauge potentials by e*. Undoing this rescaling means that for example the 
RR form F2 receives a further contribution 

Ai = e-*^; F2 = e-* {dA'-^ - (F^ A A\) = e'^F^, (2.1.4.27) 

and similar relations for the other RR field strengths. (If the terms denoted by dots in 
( |2.1.4.7| ) contain other RR field strengths additional $ derivatives will be picked up. 
But no relative power of will appear, since those terms always contain one RR field 
strength or potential and an NSNS field strength or potential. The NSNS fields are 
not rescaled.) After this rescaling all terms in the type II thoeries are of the structure 

e~'^* (invariant under <I) ^ <I> + constant) . 

Since the rescaled (primed) fields correspond to the actual string excitations, the 
effective type II actions given here contain only tree level contributions. 

As (implicitly) stated above, one loop contributions are multiplied by g1 and hence 
enter the effective action with a factor of e~^*+^* = 1. In the type II examples, we 
have seen that due to field redefinitions this correspondence may be changed. In 
the heterotic case, however, there is no field redefinition such that all the terms in 
the effective action are multiplied by the same power of e*. Indeed, the appearance 



2. Toroidal Compactification and T-duality 



42 



of the Green-Schwarz term corresponds to a torus amplitude from the string theory 
perspective. We excluded also higher orders in a' which would lead to higher derivative 
terms and contributions with massive string excitations. As long as the string scale 
is much shorter (in length) than the scale of the process we are interested in those 
terms can be neglected. 



2.1.5 Toroidal Compactification and T-duality 

In the previous sections we argued that perturbative superstring theories are consistent 
provided that the target space is ten dimensional. As it stands, this cannot describe 
our observable (four dimensional) world. At the end of section (2.1.3), we sketched as 



a possible resolution to this problem the option to replace six of the target space di- 
mensions by a conformal field theory with the desired central charge. One simple way 
to do so, is to replace a six dimensional subspace of the ten dimensional Minkowski 
space by a compact manifold. The coordinates of that compact manifold should be- 
long to a conformal field theory with a consistent central charge. This restricts the 
set of possible compactifications. The easiest option is to compactify the additional 
directions on circles (by periodic identification of the corresponding coordinates). This 
clearly does not change the central charge contribution of those directions, since the 
central charge depends only on local features of the target space. 



2.1.5.1 Kaluza-Klein compactification of a scalar field 



Before discussing some details of torus compactifications of string theories we recall 
the Kaluza-Klein compactification of a free massless scalar field. This will enable us 
to appreciate new "stringy" features which we will study afterwards. Let us start with 
a free massless scalar living in a five dimensional Minkowski space. We label the first 
four coordinates with a greek index jj, = 0, . . . ,3 and call the fifth direction y. The 
five dimensional field equation for the scalar 93 is 



(^?'^"9^a, + a2)v9(x^y) = o. 

Now, we compactify the fifth direction on a circle of radius R 

y = y + 2'kR. 



(2.1.5.1) 



(2.1.5.2) 



Solutions to ( 2.1.5.1 ) have to respect the periodicity ( 2.1.5.2 ). Therefore, the y depen- 
dent part of (yj can be expanded into a Fourier series of periodic functions. Focusing 



^■^An exception is the ujl correction in (2.1.4.18) and the Green Schwarz term. They can be deduced 
by using supersymmetry and anomaly cancellation. 
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on the nth Fourier mode, we find 

ipn{x^,y) = ^n{xne''ny, (2.1.5.3) 



with integer n, i.e. the momentum in the fifth direction is quantized. Plugging ( ^.1.5.3 ) 
back into ( p. 1.5.1 ) leads to 



{il^^'d^d, - ml) (x^) = 0, (2.1.5.4) 

with 

Tl 

rUn = -, (2.1.5.5) 

i.e. the nth Fourier mode leads in the effective four dimensional description to a Klein- 
Gordon field with mass ( p.l.5.5| ). Since the general solution of ( p. 1.5.1 ) is a super- 



position of all Fourier modes the four dimensional description contains an infinite 
Kaluza-Klein tower of massive four dimensional fields (depending only on the x^^). 
There are two limits to be discussed. The decompactification limit is i? — > oo. In 
this case all the Kaluza-Klein masses ( |2.1.5.5 ) vanish. The four dimensional descrip- 



tion breaks down. The other limit is i? ^ (or the compactification radius becomes 
much shorter than the experimental distance resolution). In this case, the KK masses 
( |2.1.5.5| ) become infinite except for n = 0. Only the massless mode survives and no 
trace from the fifth dimension is left. This picture is very different in string theories 
as we will see now. 

2.1.5.2 The bosonic string on a circle 

Even though the bosonic string is inconsistent because it contains a tachyon, we will 
first study the compactification of the bosonic string on a circle. The essential stringy 
properties will be visible in this toy model. We compactify the 26th coordinate (the 
25th spatial direction), 

x'^^ =x'^^ + 2ttR. (2.1.5.6) 
In the point particle limit string theory is just quantum mechanics of a free relativistic 

25 

particle. The plane wave solution contains the factor e*^^^^ where p25 is the center of 
mass momentum in the 25th direction. This wave function should be periodic under 



( 2.1.5.6 ). This leads to a quantization condition for the center of mass momentum in 



the compact direction 



P25 = ^, (2.1.5.7) 
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with integer n (the momentum number). So far, everything is analogous to the free 
scalar field discussed above. The new stringy property arises by observing that the 
string can wind around the compact direction. Technically, this means that the peri- 
odic boundary condition for the closed string is modified 

(r, cj + vr) = (r, a) + 2TTmR, (2.1.5.8) 

where the integer m denotes the winding number. With this ingredients the mode 
expansions ( |2.1.2.3| ) and ( 2.1.2.4| ) are 

Taking into account the compact direction, the mass shell condition has to be modified 
in a straightforward way, 

24 

J^P^p'^ = -M2. (2.1.5.11) 

/i=0 



Comparison with the constraints = T = (2.1.1.10) gives 

= 4 (\ - raR\ + 8iV - 8 = 4 (\ + mR\ + 8iV - 8 (2.1.5.12) 
V 2rt / V 2ix / 

where we have used the result of section ^.1.2| for the normal ordering. In particular, 

the level matching condition (the second equality in ( p. 1.5. 12 )) implies that 

N-N = nm. (2.1.5.13) 

Thus, for zero winding and momentum number the spectrum coincides with the spec- 
trum of the uncompactified string (see section 2.1.2). In the massless sector we have 
again a graviton, antisymmetric tensor and dilaton which are obtained from the state 

aLidijfc) , i,j/25. (2.1.5.14) 

The target space interpretation of the remaining excitations (containing creator(s) in 
25th direction) is different. The two states 

aiial\\k) , al\aii\k) (2.1.5.15) 

are target space vectors. They correspond to gauge fields of a U (1) x U (1) gauge 
symmetry. Finally, the state 

a25^a25^ \k) (2.1.5.16) 
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describes a target space scalar. The spectrum is supplemented by a Kaluza-Klein 
and winding tower of additional states as n, m run through the integer numbers. An 
interesting question is wether some of these additional states are massless. For massless 
states the mass shell condition (2.1.5.12) reads 



2N 



2 + {— - Rm 
\2R 



2N 



0. 



(2.1.5.17) 



These equations can be solved for nonvanishing n or m only at special values of R. 
The most interesting case isp^ 



Ri' 



a 



(2.1.5.18) 



One obtains the additional solutions listed in table 2.2. 



n 


m 




N 


1 


1 


1 





-1 


-1 


1 





1 


-1 





1 


-1 


1 





1 


2 











-2 














2 











-2 









Table 2.2: Each line in this table gives a configuration of winding, momentum and 
occupation numbers leading to massless states at ii^ = i. 



Each of the first four states in table |2.2| contains one creator. This gives four 
additional massless vectors (if the creator points into a non-compact direction) and four 
massless scalars (if the creator points into the 25th direction). The latter four states 
in table 2.2 correspond to massless scalars. Together with (2.1.5.15) and ( p. 1.5. 16] ) we 
have six vectors and nine scalars. The vectors combine into an SU (2) x SU{2) gauge 
field whereas the scalars form a (3, 3) representation. For the special value (|2.1.5.18D 
the gauge group U (1) x U (1) is enhanced to the non-abelian group SU (2) x SU (2). 
The rank of the gauge group is not changed. 

An immediate question is: what is so special about ( |2.1.5.18|) ? To answer this, we 
rewrite (2.1.5.12) in a suggestive way 



n 



2 d2 



4A + 4A - 8 + — r + 4m^i? 



(2.1.5.19) 



Later, in section |2.2.1 , we will also discus the case = 2, where less states become massless. 
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where we already aplied (2.1.5.13). We observe that the spectrum is invariant under 



a' 

n^m and —. (2.1.5.20) 

R 



Recah that in the previous equations we have set a' = 1/2. The symmetry ( 2.1.5.20 ) 
is called T-duality. Winding and momentum numbers are interchanged and simulta- 
neously the compactification radius is inverted. If R takes the value (2.1.5.18), the 



spectrum is invariant under interchanging winding with momentum. This radius is 
called the selfdual radius. Because of the symmetry (|2.1.5.20) we can restrict the 



compactifications to radii equal or larger than ( p. 1.5. 18] ). This is an important differ- 
ence to the point particle discussed in the previous section. To make this difference 
clearer let us take the compactification radius to zero. All the Kaluza-Klein momenta 
diverge and only states with n = survive. This is similar to the point particle case. 
On the other hand, all winding states degenerate. In order to make sense out of 
this situation one can apply the T-duality tranformation ( |2.1.5.20| ). But then R = 
leads to the decompactification limit and we are back at the 26 dimensional string. 
Therefore, in string theory there are always traces of compact dimensions left. 

Compactifying the string on a D dimensional torus, the above considerations lead 
to a symmetry in a straightforward way. However, combining the T-duality along 
circles with basis redefinitions of the torus lattice and integer shifts in the internal B 
field leads to an enhancement of the T-duality group to SO {D, D, Z). 

2.1.5.3 T-duality in non trivial backgrounds 

In this section we will argue that the above described T-dualiy is also a symmetry for 
non-trivial background configurations. We closely follow p9^ ]. Our starting point is 
the non-linear sigma model ( p. 1.3.1 ). Compactification of one target space dimension 



is possible if the sigma model is invariant under constant shifts in this direction. For 



the first term in (2.1.3.1) this implies that the tangent to the compactified direction 
is a Killing vector. The second term is invariant provided that the Lie derivative of 
B^i, in the Killing direction is an exact two-form. For the last term to be invaraint 
the Lie derivative of the dilaton <I> must vanish. We now choose coordinates such that 
the isometry is represented by a translation in the d — 1 direction 

X'^-'^ ^ X'^-'^ + c. (2.1.5.21) 

We call the other coordinates X*. The previously mentioned conditions on B^i, and 
$ imply that those fields are independent of X'^^^ (up to gauge transformations). 
The next step is to gauge the symmetry ( 2.1.5.21] ) and to "undo" this by constrain- 



ing the gauge fields to be of pure gauge. The constraint is implemented with the help 
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of a Lagrange multiplier A which finally will replace X'^ ^ in the T-dual model. We 
introduce two dimensional gauge fields Aa changing under ( ^.1.5.21 ) as 



Aa- dac, (2.1.5.22) 

and replace 

daX'^-^ Do,X^-^ = daX'^-^ + Aa. (2.1.5.23) 

Together with the above mentioned constraint (implemented by a Lagrange multiplier) 
this amounts to adding to ( p. 1.3.11 ) (for simplicity we choose jai3 = "^0/3)0 a term 

Sa = j <fa{Gd-i,d-iAaA^ + 2Gd-i,uA^do^X'' 

+2e"^Sd_i,,A„9^X" + 2Ae"^9„^^) . (2.1.5.24) 



Integrating over A will result in the constraint of vanshing field strength for the Aa 
which in turn imposes 

Aa = da^p, (2.1.5.25) 

with If being a worldsheet scalar. Shifting X'^~^ by 99 gives back the original sigma 
model (2.1.3.1). Thus, adding (2.1.5.24) does not change anything. However, there 



is a subtlety here. Compactifying the d — 1 direction means that we identify X'^~^ 
with X'^~^ + 27r (this time we put the compactification radius into the target space 
metric). In order to be able to absorb ip into X^, (p should respect the same periodicity. 
This can be ensured as follows. We continue the worldsheet to Euclidean signature 
and study the sigma model for a torus worldsheet. Then we can assign two winding 
numbers (corresponding to the two cycles of the torus) to the Lagrange multiplier 
A. Summing over these winding numbers (in a path integral approach) will impose 
the required periodicity on the gauge fields Aa- Going through the details of this 
prescription leads to the conclusion that the A "direction" is compact A = A + 27r. 

Instead of integrating out A (to check that we did not change the model) we can 
integrate out Aa- (Since Aa is not a propagating field this can be done by solving the 
equations of motion. As well, one can integrate out Aa in a path integral, which is 
Gaussian.) This procedure leads us to a dual model 

S = j d^ai^^^PG^.daX^'dpX^ + e^^B^,daX^'dpX' 

~i / ^^^^-T*^^^^^- (2.1.5.26) 



^*For the Minkowskian worldsheet signature the i in front of the -B^i/ couphng in ( |2.1.3.l| ) is replaced 
by one. 
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The set of dual coordinates is j^'^j = and the dual background fields are, 

1 1 

Gd-i,d-i = 7^ , Gd-i,i = 7^ ■ — , (2.1.5.27) 

G,j = G,, - Gr4-iGd-i, + B,4-iBd-i,^ ^ ^2.1.5.28) 

Gd-l,d-l 

^ Gd— 1 7 ~ „ Gj d— 1 1 T "I" Bj d— 1 Gd— 1 i , , 

Bd-x,i = ^ ' , Bi, = Bij + ^■'^ ' ' (2.1.5.29) 

To find the dual expression for the dilaton is a bit more complicated. One can compute 
$ in a perturbative way. To this end, one requires that $ is such that the conformal in- 
variance conditions ( p.l.3.53|) , ( |2.1.3.54| ), (|2. 1.3.551) are satisfied whenever the original 



background satisfies them. This leads to the following formula for the dual dilaton 

e-2'f7ZG = e-2*x/I^. (2.1.5.30) 

From a path integral perspective the dilaton transformation can be motivated as fol- 
lows. The path integral measure for the is covariant with respect to the metric 
G^jy. In the dual model one would naturally use a measure which is covariant with re- 
spect to the dual metric Gf^u- The change of the measure introduces a Jacobian which 
leads to ( p. 1.5. 30 ). To our knowledge this is a rather qualitative statement which is 



difficult to prove explicitly. 

To make contact with the simple case discussed in the previous section we should 
take Gd-i,d-i = R^/oi , Gij = 7]ij, B^y = and <I> = const. Then the T-duality 
formulae (especially ( p.l.5.27| )) imply that the compactification radius is inverted. The 
dilaton receives a constant shift and nothing else changes. This dilaton shift was not 
visible in the discussion of the previous section. On the other hand, in the present 
section we did neither see that T-duality interchanges winding with momentum nor 
that there is an enhancement of gauge symmetry at the selfdual radius, because we 
did not study the spectrum of the general string theory. 

2.1.5.4 T-duality for superstrings 



In extending the discussion of section 2.1.5.2 to the superstring we will be sketchy 



and omit the technical details. Most of the statements from section |2.1.5.2| can be 
directly taken over to the superstring. In the Ramond sector, some new ingredients 
occur. First, we consider the type II superstring. Instead of the 26th direction we 



compactify the tenth direction. Combining the T-duality transformation ( |2. 1.5.20 ) 



with the mode expansions ( 12.1.5. 91) and ( p.l.5.10| ) one realizes that ( p.l.5.20| ) can be 
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achieved by assigning X'^ 
change 



X^, instead of X^ 



X£ + X'j^, or equivalently 



(right movers) 



(right movers) 



(2.1.5.31) 



while keeping the original prescription of combining left with right movers. Carrying 
this prescription over to the fermionic sector we observe that in the right moving 
Ramond sector (see (2.1.2.58) for the definition) 



{-Y 



(2.1.5.32) 



This in turn implies that the T-duality transformation takes us from the type IIA 
to type IIB string and vice versa. Hence, T-duality is not a symmetry in type II 
superstrings but relates the type IIA string with type IIB. (This is true, whenever we 
perform T-duality in an odd number of directions.) The type IIA string compactified 
on a circle with radius R is equivalent to the type IIB string compactified on a circle 
with radius a' /R. This is consistent with the observation that the massless spectra of 
circle compactified type IIA and type IIB theories are identical as depicted in table 
2.3, where /x, = 0, . . . ,8. 





NS-NS 


R-R 


IIA 


G^U, B^y, <I>, G^9, B^Cj 




IIB 







Table 2.3: Massless type II fields in nine dimensions 

In order to discuss compactifications of the heterotic string, it is useful to employ 

a formulation where the additional 32 left moving fermions are bosonized into 16 left 

moving bosonic degrees of freedom. We will not carry out this construction here. 

It can be found in the books listed in section |6.1.1| . The result which is of interest 

in the current context is that those 16 left moving bosons are compactified on an 

even selfdual lattice]^. That is, that even without further compactifications from 

ten to less dimensions the heterotic string contains already a left-right asymmetric 

compactification. The theory does not depend on changing the basis of the 'internal' 

lattice. Compactifying the tenth dimension one observes another new feature which 

is present in the heterotic string. In the previously discussed cases, there was one 

modulus in circle compactfications, viz. the radius of the circle. For the heterotic 

string we have 16 more moduli. These are called Wilson lines. They arise from the 

^^There exist exactly two such lattices x Fg and Fie giving rise to the iJg x Es and the 50(32) 
string, respectively. 



2. Orbifold fixed planes 



50 



possibility that the non-abelian gauge fields can take constant vacuum expectation 
values (vev) in the Cartan subalgebra of the gauge group. The fact that (at least) one 
of the ten directions has been compactified is important here. Otherwise, a constant 
vev could be gauged away. To see this explicitly, let us assume that the gauge field 
vev is (proportional to a generator in the Cartan subalgebra) 

Ag = - = e- — dge—, (2.1.5.33) 
R 

where the second part of the equation shows that a constant vev is a pure gauge 
configuration. However, in the compact case we have identified with + 27ri? and 
hence only gauge transformations which are periodic under this shift are allowed. This 
implies that the Wilson line ( |2.1.5.33 ) can be gauged away only if Q is an integer. From 
this discussion it follows that generically the gauge group is broken to [/(l)^^ in the 
compactification process. In addition there are the (abelian) Kaluza-Klein gauge fields 
Gg^ and Bg^ corresponding to a U{1) x U{1) gauge symmetry. Thus, generically there 
is a U {ly^ gauge symmetry in the circle compactified heterotic string. Depending 
on the moduli (Wilson lines and compactification radius) there are special points of 
stringy gauge group enhancement. 

It can be proven that the Eg x Eg heterotic string and the 5*0(32) string are 
continuously connected in moduli space once they have been compactified to nine 
dimensions. This can be shown by observing that for a certain configuration of Wilson 
lines (where the gauge group is broken to 50(16) x 50(16) in either theory) T- 
duality maps the two compactifications on each other. (For details see e.g. Polchinski's 
book|371].) All other compactifications can be reached by continuously changing the 
moduli. Including the original ten dimensional theories as decompactification limits 
we see that the two different heterotic strings belong to the same set of theories sitting 
at different corners in moduli space. For completeness we should mention that for 
compactifications of the heterotic string on a D dimensional torus one finds the T- 
duality group SO (16 + D, D, Z). 



2.2 Orbifold fixed planes 

In the previous sections we have studied the theory of a one dimensional extended 
object - the string. One of the striking features of this theory is that it automatically 
also describes objects which are extended along more than one space direction. As the 
simplest example we will study now the orbifold fixed planes. Here, one compactifies 
the string on a torus whose lattice has a discrete symmetry, and gauges this symme- 
try]^. Thus, the compact manifold is a D dimensional torus divided by some discrete 
^^With gauging of a discrete symmetry we mean that only invariant states are kept. 
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Figure 2.4: The interval as an orbicircle. The fixed points (black dots) form the ends 
of the interval. 

group. (We will consider Z2 as such a group. It leaves an arbitrary lattice invariant.) 
There are some points or — when combined with the other directions — planes which 
are invariant under the discrete group. These are the orbifold fixed planes. They 
present singularities in the compact part of the space time. String theory gives a 
physical meaning to orbifold fixed planes. We will see that certain string excitations 
(particles or gauge fields from the target space perspective) are confined to be located 
at the orbifold fixed planes. By looking at an example where the orbifold can be 
reached as a singular limit of a smooth manifold we will see that for string theory the 
singular nature of this limit is not "visible". Instead of discussing the general setups 
for orbifold compactifications we will present two examples: the bosonic string on an 
orbicircle and the type IIB string on T^/Z2. We hope that this will demonstrate the 
general idea with a minimal amount of technical complications. For more details (and 



also orbifold compactifications of the heterotic string) we recommend the review |354| . 
2.2.1 The bosonic string on an orbicircle 

Let us start by describing the target space geometry. We compactify the 25th dimen- 



sion on a circle like in section 2.1.5.2. In addition, we identify opposite points on this 
circle. If we choose the "fundamental domain" to be — vri? < < ttR this is done 
by the Z2 identification: = — x^^. The resulting target space is an interval in 
the 25th direction as depicted in figure |2.4| . Taking into account the uncompactified 
dimensions, the end points of the interval (the fixed points of the Z2) correspond to 
planes with 24 spatial directions. Therefore, we call them orbifold-24-planes. 

We proceed by constructing the untwisted spectrum. The term untwisted (in 
contrast to twisted) will become clear later. It means that we construct the spectrum 
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State 


Z2 


24+1 dim. rep. 


«-i |o) 


+ 


1 vector 


|0) 




1 scalar 



Table 2.4: Untwisted right moving states 



which is invariant under the orbifold projection x^^ — > — x^^. Since in the bosonic 
string the right moving sector is identical to the left moving one, we first write down 
the right moving states only. The result is collected in table (i = 2, . . . , 24; the 
zeroth and first direction are eliminated by the light-cone gauge). 

Now we need to combine left with right movers such that the resulting state is 
invariant under the Z2. This is the case for the product of the vector with the vector 
and the scalar with the scalar. Thus, we obtain the metric Gij, the antisymmetric 
tensor Bij and the dilaton The additional U (1) vectors Gj25 and i?j25 are projected 
out in contrast to section 2.1.5.2. The combination of the scalar from the left moving 
sector with the scalar from the right moving sector yields a target space scalar ^2525- 
Since the groundstate is Z2 invariant, the tachyon will survive the projection. If we are 
at the selfdual radius, there might be additional massless states (without imposing Z2 
invariance these are listed in table |2.2| ) . The action of the Z2 takes winding number 
to minus winding number and momentum number to minus momentum number as 
can be seen from the mode expansion ( 2.1.5.9| ), ( |2.1.5.10 ). This means that we can 



keep only invariant superpositions of states. From the first four entries in table 2.2 



we obtain two additional massless vectors. These arise as follows. We add the first 
state to the second state of the listing and act with a^i, or we add the third to the 
fourth state and act with a*_i. We can also subtract the second from the first state 
and act with a^^, or we subtract the fourth from the third state and act with o?\. 
This gives two massless scalars. Adding the fifth to the sixth entry and the seventh to 
the eighth, we obtain two more scalars at the selfdual radius. This looks very unusual. 
Since we do not have any U {1) gauge fields away from the selfdual radius, now also the 
rank of the gauge group is enhanced at the selfdual radius. There are also additional 
tachyons at the selfdual radius. These are the two states which are obtained by adding 
the n = 0,m = 1 vacuum to the n = 0,m = —1 vacuum. The second state is the 
same with m and n interchanged. These two additional tachyons have mass squared 
= —6, as can be easily computed from ( 2.1.5.19 ). 

Now, we come to a new feature which is unique to string theory. There are addi- 
tional twisted sector states. These states are periodic under shifting o" by tt only up 
to a (non-trivial) Z2 transformation. In our case this implies for the string that its 
center of mass position has to be located at a fixed plane and that the integer Fourier 
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modes are replaced by half-integer ones in the 25th direction. In the twisted sector we 
need to compute the groundstate energy. This can be done by first modifying equation 
( |2.1.2.46| ) in a straightforward way 



23 °" 



twisted 

" " 2 

n=l , — 1 



Regularizing this expression according to the prescription (2.1.2.47) gives a = y|. 
This implies that the groundstate is tachyonic and also that there is no massless state 
coming from this twisted ground state. There is one more tachyonic state at the first 
level in the twisted sector. This is obtained by acting with q^^j a^^i . Collecting the 

^2 ^2 

results, we obtain one tachyon with ~ ~T with = — | at each fixed 

plane. Altogether, there are four tachyons (and states with positive mass squared) 
located at the fixed planes. 

The singular nature of the fixed points does not raise any problem in string theory. 
It introduces twisted sector states which result in additional particles which are located 
at the orbifold-24-planes in target space. 

It is interesting to note that the orbifold at the selfdual radius is equivalent to the 
toroidally compactified bosonic string at twice the selfdual radius]^ For a detailed 
disussion of this equivalence we refer to Polchinski's book pTlj . Here, we will only 
check that the light (tachyonic and massless) spectra coincide. Obviously, the gauge 
groups U (1) X U (1) are the same. For the bosonic string on the circle (with = 2) 
these are the off-diagonal metric and i?-field components Gj25, -Bj25) whereas for the 
orbicircle compactification at i?^ = ^ these come from states with non-trivial winding 
and momenta as discussed above. It remains to identify the four additional massless 
scalars and the two tachyons (found in the non-trivial winding-momenta sector) of the 
orbicircle compactification (at selfdual radius) and the four additional tachyons from 
the twisted sector in the circle compactification. Here, the special choice B? = 2 for 



the circle compactification comes into the game. With ( 2.1.5.19 ) evaluated at i? = 2 
we find exactly these missing states. At first, there are four massless scalars: the vacua 
with m = and n = ±4, or m = ±1 and n = 0. The two tachyons with = —6 are 
obtained from the two vacua with m = and n = ±2. The two twisted sector tachyons 
with ~ ~T correspond to the two vacua with m = and n = ±1. The other two 
twisted sector tachyons with = — | can be identified in the circle compactification 
as the vacua with m = and n = ±3. 

The equivalence of the j'Li compactification at the selfdual radius and the 
compactification at twice the selfdual radius shows that the moduli spaces of both 
^^Alternatively, we could use the T-dual version at half the selfdual radius. 
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Figure 2.5: The orbifold 



compactifications are connected at this point. This feature has a stringy origin. From 
the target space perspective this is quite surprising. A field theory on 24 + 1 dimen- 
sional Minkowski space times an interval with certain fields constrained to live at the 
endpoints of the interval is smoothly connected to a field theory on 24 + 1 dimensional 
Minkowski space times a circle with all fields living in the whole space. However, due 
to the tachyons both vacua are unstable. In the next section we will see that similar 
things happen for the superstring which does not have tachyons in its spectrum. 



Again, we start by describing the target space geometry. We compactify the six, seven, 
eight and nine direction on a four dimensional torus. We view this four dimensional 
torus as the product of two two-dimensional tori. The coordinates are labeled such 
that the sixth and seventh direction form one and the eighth and ninth a second 
. Let us focus on this second with the understanding that the same applies to the 
first T"^ . In figure [2^ this is depicted by drawing a lattice in the eight-nine plane. The 
fundamental cell is the parallelogram with edges drawn with stronger lines. The lattice 
vectors are the lower and the left edge of the fundamental cell. A two dimensional 
torus is obtained by gluing together the opposite edges of the fundamental cell. Shifts 
by lattice vectors connect identified points. 

"Dividing" the T"^ by Z2 means that in addition we identify points via the pre- 
scription 



2.2.2 Type IIB on T7Z2 



f ™6 ™8 ™9 



fS 7 8 Q ~l 



(2.2.2.1) 



This Z2 action leaves the four points indicated by black dots in figure 
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Sector 


State 


Z2 


5 + 1 dim. rep. 


NS: 


V'N |0) 

/= 2, . . . ,5 

,6,7,8,9 |n\ 
^ 'i' |0) 


+ 


1 vector 
4 scalars 


R: 


\siS2S3Si) 

Si = S2, S3 = -S4 
Si = -S2 , S3 = S4 


g^(s3+S4) 
+ 


2 (anti-chiral) spinors 
2 (chiral) spinors 



Table 2.5: Untwisted right moving states 



four points in the first torus invariant. Thus, we obtain sixteen orbifold five-planes. At 
first, we construct the untwisted spectrum. Since in the type IIB case the left moving 
sector is identical to the right moving one, we first write down the right moving states, 
only. The result is collected in table p.5| . We choose the GSO projection such that 
— in the notation of ( |2.1.2.56 ) — states with an odd number of minus signs survive. 
The projection ( 2.2.2.1| ) can be viewed as rotations by 180° in the eight-nine plane 
and simultaneously in the six-seven plane. This is useful for the identification of the 
behavior of the R-sector under Z2 transformations. We consider only states which lead 
to massless particles when combined with the left movers. 

In the NSNS sector, we can combine the left moving vector with the right moving 
one leading to the six dimensional graviton Gij , the antisymmetric tensor Bij and the 
dilaton <I>. Further, we can combine scalars from the left moving sector with scalars 
from the right moving one. This gives sixteen massless scalars corresponding to Gab 
and Bab where the indices a, b are internal, i.e. a,b = 6, . . . ,9. The target space vectors 
Gia and Bia are projected out. In the RR sector, we can combine the chiral spinor with 
the chiral one, and the anti-chiral with the anti-chiral one. This leads to 32 massless 
(on-shell) degrees of freedom in the RR sector. Tensoring a chiral spinor with a chiral 
spinor gives a selfdual two-form potential (3 on shell components) and a scalar. The 
tensor product of two antichiral spinors yields an anti-selfdual two-form potential and 
a scalar. We can perform four of those combinations, each. With the notation of table 
2.1 the RR states can be identified as follows: 

f 4 \ 

• ^iiki ^abcd) gi^es ~ degree of freedom (one scalar), 

• C*^-j gives 3 anti-selfdual two-forms and 3 selfdual two- forms (18 degrees of 
freedom) , 

• B'-j gives a two-form (6 degrees of freedom), 

• B'^^ gives six scalars. 
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• gives a scalar . 

All other fields from the RR sector are projected out. Fermionic degrees of freedom 
are obtained from the NSR and RNS sector. Combing the vector with the anti-chiral 
spinors gives four times^^ (2,2) (2,1) = (3,2) © (1,2) representation of the six 
dimensional little group SO (A) = SU{2) X SU{2)^ Therefore, this tensor product 
provides us with four chiral gravitini and four chiral fermions. 

Combining the NS sector scalars with the chiral R sector spinors gives 16 chiral 
spinors. From the existence of the four chiral gravitini we can guess that the resulting 
low energy effective field theory has = 4 chiral supersymmetry in six dimensions. 



(For a collection of supersymmetries in various dimension see [ 399 1.) 

Before checking that also the rest of the massless states fit into supersymmetric 
multiplets we should construct the twisted sector states. The construction does not 
depend on the location of the fixed plane. Therefore, we restrict the construction 
to one plane and multiply the result by 16. In the twisted sector, the NS fermions 
with an index corresponding to a compact dimension are integer modded whereas the 
R sector fermions are half integer modded. Now, there are NS sector zero modes 
forming a four dimensional Clifford algebra. The twisted NS ground state is two-fold 



degenerate after imposing the GSO projection. (We modify the notation of ( 2.1.2.56 ) 
in a straightforward way. Since we have only two creators and two anihilators, the 
twisted NS groundstate has two entries. Performing the GSO projection means that 
we keep those states with an odd number of minus signs.) In the twisted R sector 
we do not have zero modes in the compact direction. This lifts some of the vacuum 
degeneracy as compared to the untwisted sector. The twisted R ground state is labeled 
only by the first two entries. Again, we keep only states with an odd number of minus 
signs. In order to deduce the masses of the states in the twisted NS sector, we observe 
from ( p. 1.2. 46] ) (and its regularisation) that replacing four integer moded bosons by 
half integer moded ones changes the normal ordering constant by — ^ — ^ = ~j2' 
Changing the modding of four worldsheet fermions from half-integer to integer gives 
another shift of— ^-|-^ = —j2- Thus, we arrive at 

1 

twisted untwisted n /'o o o o\ 

O'NS — ^NS ~ 2 ~ (Z.Z.Z.Z) 

The twisted NS sector groundstate is massless. The R sector groundstate is always 
massless, since fermions have the same modding as bosons. The analogon of table 



2.5 for the twisted sector is table 2.6. Since all the twisted sector groundstates are 



^^One factor of two arises because the NSR and RNS sector yie ld s uch a tensor product, each. The 



2.5 



second factor of two is due to the two anti-chiral spinors in table 

^^A vector is in the (2, 2), an anti-chiral spinor in the (2, 1), a chiral spinor in the (1, 2), a selfdual 
twoform in the (3, 1) and an anti-selfdual twoform in the (1, 3). 
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Sector 


State 


Z2 


5 + 1 dim. rep. 


NS: 


IS3S4) 

S3 = -S4 


ef (^3+^4) 
+ 


2 scalars 


R: 


\s1s2) 

Sl = -S2 , 


+ 


1 (chiral) spinors 



Table 2.6: Twisted right moving states 



invariant under the Z2 we can form all possible left-right tensor products. Multiplying 
with 16 (the number of fixed planes) we obtain 64 scalars from the NSNS sector. The 
RR sector leads to 16 anti-selfdual two-forms and 16 scalars. The RNS and NSR sector 
give rise to 64 chiral spinors. 

After we have obtained the full masslcss spectrum of the type IIB string on T'^/7j2 
we can fit it into super- multiplcts of = 4 chiral supergravity in six dimensions. The 
possible supcrmultiplcts arc the gravity multiplct and the tensor multiplct. The gravity 
multiplet contains the graviton and four chiral gravitini from the untwisted sector. In 
addition, five selfdual two-forms are in the gravity multiplet. A tensor multiplet is 
made out of an anti-selfdual two-form, five scalars and four chiral fermions. The five 
selfdual two-forms in the gravity multiplet we take from Bij, B[- and Cj*^^- After 
filling the gravity multiplet, we are left with 21 anti-selfdual two-forms, 105 scalars 
and 84 chiral fermions. Thus, the remaining degrees of freedom fit into 21 tensor 
multiplets. 

To summarize, the masslcss spectrum of the type IIB string on T'^/Z2 consists of 
one gravity multiplct and 21 tensor multiplets of D = 6 chiral A = 4 supersymmetry. 
Some of the degrees of freedom are confined to live on the orbifold-5-plancs which 
fill the 5 + 1 dimensional non-compact space but are located in the four dimensional 
compact space. In the next section we will argue, that this setup is smoothly connected 
to compactifications without orbifold-5-planes. 

2.2.3 Compcirison with type IIB on KZ 

In the previous section we compactified the type IIB string on jl^^- Among others, 
we obtained four chiral gravitini. If we compactified on instead, the two ten dimen- 
sional gravitini would give rise to four non-chiral gravitini in six dimensions. Thus, 
our orbifolding removes half of the super symmetries. This is due to the fact, that 
the r^/Z2 manifold belongs to a larger class of manifolds which are called Calabi-Yau 
n-folds. Here, n denotes the number of complex dimensions, i.e. n = 2 in our case. 
The Calabi-Yau twofolds are all connected by smooth deformations and commonly 
denoted by i^3. One important feature of Calabi-Yau n-folds is that they possess 
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SU (n) holonomy. This means that (for K3) going around closed (non-contractable) 
curves induces an SU (2) transformation. In a toroidal compactification we split the 
ten dimensional spinor into a couple of lower dimensional spinors. The possible values 
of the internal spinor indices count the number of resulting lower dimensional spinors. 
In a torus compactification, each value of the internal indices gives rise to a massless 
spinor. This is because the internal homogenous Dirac equation has always a solution 
- any constant spinor. If instead of a torus with trivial holonomy we compactify on 
K3 with SU (2) holonomy, only spinors which do not transform under the holonomy 
group give rise to massless six dimensional spinors. This removes half of the internal 
components and thus breaks half of the supersymmetry. Indeed, all K3 compactifi- 
cations yield the same massless spectra. This is a consequence of the fact that the 
number of zero-modes (of Laplace and Dirac operators) does not change as we move 
from one K3 to another one. The number of zero modes of the Laplace operators^ 
are usualy listed in Hodge diamonds. The Hodge diamond for K3 is 

1 



1 20 1 . (2.2.3.1) 

1 

In the following we explain (roughly) how to read ( 2.2.3.1| ). The K3 is a complex 
manifold. Therefore, we can choose complex coordinates (and so we do). Then a 
tensor can have a couple of holomorphic indices and a couple of anti-holomorphic 
indices. In other words, there are {p, q) forms on K3, where p corresponds to the 
number of holomorphic indices and q to the number of anti-holomorphic ones. Since 
the complex dimension of K3 is two, the values of p, q can be zero, one or two. We 
denote the number of zero modes of a {p, q) form with h^P''^\ These (Hodge) numbers 
are arranged into a Hodge diamond as follows^ 

/i2.o /ji.i /j0,2 _ (2.2.3.2) 

From (|2. 2.3.11 ) we can deduce that an object which represents a zero or a four form 

in the internal space, has one zero mode. Such an object gives rise to one massless 

^"^There are several different Laplace operators whose form depends on the tensor structure of the 
object they act on. 

^^The symmetry of (2.2.3.1) is not accidental. The vertical symmetry is related to Hodge duality 
and the horizontal one to interchanging holomorphic with anti-holomorphic coordinates. 
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six-dimensional field. A p + q = 2 form possesses 22 zero modes, thus leading to 22 
massless fields in six dimensions. In order to write down the massless spectrum of 
the K3 compactified type IIB string we need to know another feature of the family of 
K3 manifolds. All Calabi-Yau manifolds (and in particular K3) are Ricci flat. This 
means that the Ricci tensor vanishes and hence we do not need any non-trivial back- 
ground configuration in order to satisfy the conformal invariance conditions derived in 



section 2.1.3. This remains true under certain deformations of the metric of K3. The 
space of such non-trivial (not related to coordinate changes) metric deformations is 58 
dimensional for the family of K3s. 

Now, we are ready to derive the bosonic massless spectrum of the K3 compactified 
type IIB string. At first, we collect all zero forms of K3. From the NSNS sector these 
are Gij,Bij,^, and from the RR sector B'^j, ^' , C*ji^i. Since h^^'^^ = 1 these appear 
once in the lower dimensional spectrum. The Gab are not differential forms on K3 but 
metric deformations. They result in 58 massless scalars. Since hiP'i) = forp + godd, 
the Kaluza-Klein fields Gia and Bia do not give rise to massless six dimensional fields. 

It remains to count the two- forms on K3. (The four form C*^^^ we have already 
counted as G*jj^i because of selfduality.) The two-forms are Bab, B'^b ^"^^ ^ijab- ^ab 
and lead to 44 scalars in six dimensions. The 22 zero-modes of Cj*^^ can be 
decomposed into three selfdual and 19 anti-selfdual twoforms in six dimensions p8[. 
Taking into account that the SU (2) holonomy breaks half of the supersymmetry (as 
compared to compactifications) and that the fermionic zero modes are all of the 
same chirality, we obtain the same massless spectrum as in the T^/Z2 case. 

Indeed, T^/Z2 corresponds to a limit in the space of K3 manifolds where the K3 
degenerates. As long as one considers K3s very close to that point one obtains the 
same massless spectrum. In string theory even the limit to the point where the K3 
degenerates is well defined. 

Let us see what happens when we repeat the K3 analysis for the orbifold j'L^. We 
will focus only on the bosonic spectrum. First, we need to know the Hodge diamond for 
T'^/Z2. This can be easily "computed" without much knowledge of algebraic geometry. 
On we obtain the Hodge numbers just by counting independent components of the 
corresponding differential forms, 

.-=(^)(^). (2.2.3.3) 

The Z2 action is taken into account by removing forms which are odd under the Z2. 
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Thus, the Hodge diamond for T^/Z2 is 



1 











1 



4 



1 . 



(2.2.3.4) 











1 



In six dimensions we obtain two twoforms Bij and B'- and three scalars C'*^^./- 
The internal metric components Gab yield ten scalars. (Note, that constant rescal- 
ings of the coordinates would change the range of those coordinates, and hence are 
non-trivial deformations equivalent to a constant change of the corresponding metric 
components.) Prom the metric deformations we obtain 48 less scalars than in the K3 
compactification. It remains to take into account the twoforms on T^/Z2: Bab, B'^b 
and Cfj^fj. We obtain 12 massless scalars from Bab and S^^, together. On the K3 there 
were 32 more massless scalars coming from this sector. The C*^-^^ combine into three 
selfdual and three anti-selfdual twoforms. In the K3 compactification we obtained 16 
more anti-selfdual two-forms. 

The T'^/7j2 spectrum we computed here, would correspond to the one which we 
had obtained in a field theory compactification. It has 80 massless scalars and 16 
anti-selfdual twoforms less than the K3 compactified theory. In field theory, the spec- 
trum jumps when we take the singular orbifold limit in the family of K3s. Prom the 
above construction it is obvious that we counted only untwisted states from a string 
perspective. Indeed, the missing 80 scalars and 16 anti-selfdual twoforms are exactly 
what we obtained from the twisted sector in the previous section. In string theory the 
spectrum of the compactified theory does not feel the singular nature of the orbifold 
limit. All that happens is that some part of the spectrum is localized to the orbifold 
fixed planes. This localization appears in internal space and is not visible at exper- 
iments which cannot resolve the distances of the size of the compact manifold. The 
energy scale of such experiments depends on the type of interactions fields propagating 
into the compact directions carry. For purely gravitational interactions it needs to be 
much higher than e.g. for electro-magnetic interactions. We will come back to this 
later. 

To summarize we recall that string theory can be compactified on singular mani- 
folds. The moduli spaces of such compactifications can be connected to compactifica- 
tions on smooth manifolds. There are massless states which are localized at singular- 
ities of the compact manifold. These are the twisted sector states. They are of truly 
stringy origin. 
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2.3 D-branes 

In this section we will present another kind of extended objects resulting from string 
theory — the D-branes. They are different from the previously studied orbifold planes. 
D-branes can exist also in uncompactified theories. They are dynamical objects, i.e. 
they interact with each other and can move independent of the size of some compact 
space. (The orbifold planes could move only if we changed the size or shape of the 
compact manifold.) When we discussed the fundamental string we did not consider 
the possibility of open strings. We will catch up on that in the following. 

2.3.1 Open strings 

2.3.1.1 Boundary conditions 

We recall the action of the superstring 

S=^l da+da- (^d^X'^d+X^ + '-i^^d-i^^^ + '-^^_d^^_^ . (2.3.1.1) 

Now, we view the values a = 0, vr as true boundaries of the string worldsheet. Varying 
( |2.3.1.1| ) with respect to X^ gives apart from the equations of motion (which are 
identical to closed strings) boundary terms which should vanish separately, 

5X^a,X^|^^o = 0. (2.3.1.2) 

For the closed string we have solved this equation by relating the values at a = with 
the ones at cr = vr. This procedure was local because we took the string to join to a 
closed string at a = vr. Now, we proceed differently by not correlating the two ends of 
the string, i.e. 

bX^d,X^\^^^ = bX^d„X^\^^^ = 0. (2.3.1.3) 

Let us focus on the boundary at o" = 0. We have two choices to satisfy the boundary 
condition. If — for i = 0, . . . , p — we allow for free varying ends {6X^ arbitrary at the 
boundary) we obtain Neumann boundary conditions at those endsQ 

d^X' = , i = 0,... ,p. (2.3.1.4) 

For the remaining d — p — 1 coordinates X"" we choose to freeze the end of the string 
— the variation vanishes at the boundary. Hence, in those directions the end of the 
string is confined to some constant position. The resulting boundary conditions are 
Dirichlet conditions (c^ is a constant vector), 

X" = c" , a = p+l,...,d. (2.3.1.5) 

^^Here, we use i to label Neumann directions. After fixing the light cone gauge we take i = 2, . . . ,p. 
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The end of the open string defines a surface which extends along p + 1 dimensions and 
is located in d — p — 1 dimensions. This object is called D-brane, where the "D" refers 
to the Dirichlet boundary condition specifying its position. If we choose identical 
boundary conditions for the other end of the open string (at a = vr), we describe 
an open string starting and ending on the same D-brane. For different boundary 
conditions the open string stretches between two different D-branes. The Neumann 
conditions imply that no momentum can flow out of the ends of the open string. In the 
Dirichlet directions momentum can leave the string through its end — it is absorbed 
by the D-brane. The target space Lorentz group is broken to SO{p, 1). 

Varying the action with respect to the worldsheet fermions results in the same 
equations of motions as in the closed string case and in the boundary conditions 

{-i^+f^di^l + i^-f,dr^)\l^, = 0. (2.3.1.6) 

In the closed string case we have solved this by assigning either periodic or anti- 
periodic boundary conditions to the worldsheet fermions. Since now the ends of the 
string are separated in the target space this would imply some non-locality. Therefore, 



we impose the boundary conditions (2.3.1.6) at each end separately 



(-^+^5V^t + V'-M'^V'^) L=o = (-V'+M'^V'+ + V'-M'^^-) L=. = 0. (2.3.1.7) 



Let us focus again on the boundary at o" = 0. We can solve ( ^.3.1.71) by one of the 
options 

1/^+ = at a = 0. (2.3.1.8) 

However, there is a correlation with the bosonic boundary conditions via worldsheet 
super symmetry. To be specific, we choose the plus sign for Neumann conditions 

V'V = V'- at a = 0. (2.3.1.9) 



The supersymmetry transformations (in particular ( p. 1.1. 22] ) and ( 2.1.1.23] )) should 



not change this boundary condition. Since drX^ is not specified by the boundary 
conditions this yields 

e+ = -e_ at a = 0, (2.3.1.10) 

which implies that due to the boundary (at least) half of the worldsheet supersymmetry 
is broken. (If we had started with (1, 0) worldsheet supersymmetry — as we did for the 
heterotic string — the boundary would break worldsheet supersymmetry completely.) 
In order to ensure that not all of the supersymmetry is broken we have to choose 
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the opposite (compared to ( 2.3.1.9| )) boundary conditions for worldsheet fermions in 
Dirichlet directions 



il^X = -V'- at = 0. 



(2.3.1.11) 



We could also interchange the fermionic boundary conditions in Dirichlet and Neu- 
mann directions. Then another worldsheet supersymmetry would survive. There is 
no physical difference between the two choices. Nevertheless it is important, that we 
take the boundary conditions in the Neumann directions to be "opposite" to the ones 
in Dirichlet directions. One may also check that the open string action is invariant 
under the worldsheet supersymmetries ( p. 1.1. 20 ), ( p. 1.1. 22] ) and ( 2.1.1.23| ) provided 
that the worldsheet fermions satisfy the boundary conditions (2.3.1.9), ( 2.3.1.1l| ) and 
( 2.3.1.10| ) is fulfilled. (Partial integration introduces boundary integrals which vanish 
if these additional constraints hold.) Recall also that the functional form of the world- 
sheet supersymmetry parameter is restricted by the chirality conditions ( 2.1.1.28] ). 
In the following we are going to discuss the boundary conditions at the other end 



of the open string at o" = tt. Going back to the closed string we deduce from ( 2.1.1.22 ) 
that for anti-periodic supersymmetry parameter e+ the fermions are anti-periodic for 
periodic bosons and vice versa. This means that anti-periodic e+ belongs to the 
NS sector and periodic ones to the R sector. From the discussion of the boundary 
conditions at cr = we infer that the supersymmetry parameter has to satisfy one of 
the following conditions, 



e+ = ibe_ at a 



IT. 



(2.3.1.12) 



In order to relate this to something like periodicity or anti-periodicity we perform 
the so called doubling trick. This means that we define a function e on the interval 
< o" < 27r. This is done in the following way (we indicate only the a dependence). 




< fj < vr 
vr < 0" < 27r 



(2.3.1.13) 



The sign in the second line of ( 2.3.1.13 ) is correlated to the sign in ( 2.3.1.12] ) by the 
requirement of continuity at o" = vr. Hence, e is (anti)-periodic for the lower (upper) 
sign in (2.3.1.12) (taking into account the sign in (]2. 3.1.10] )). 

Now, let us perform this doubling trick also on the worldsheet bosons and fermions. 
For the bosons it is useful to rewrite the boundary conditions. Dirichlet boundary 
conditions mean that 



d+X" = -d-X" at 



a 



0. 



(2.3.1.14) 
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Neumann conditions can be written as 

d+X' = d-X' at a+ -a' = 0. (2.3.1.15) 

The next step is to specify the boundary conditions at a = vr. After having done this, 
one can perform the doubhng trick, i.e. define a boson dX^ on the interval < o" < 27r 
analogously to the definition of e in ( |2.3.1.13 ) where d±X take the role of e±. As the 



reader can easily verify, the outcome is that dX^^ is periodic whenever we have chosen 
the same type of boundary conditions at the two ends of the string in the direction. 
The corresponding open string sectors are called DD (NN) according to the choice of 
Dirichlet (Neumann) boundary conditions at the two ends. For an opposite choice of 
boundary conditions (ND or DN strings) dX^^ will turn out to be anti-periodic. In 
analogy to the closed string we call the sector with periodic e R sector and the one 
with anti-periodic e NS sector. For DD or NN strings this implies that in the NS 
sector we take the boundary conditions at a = vr to be 

^V = -V'- ,V'+ = C at a = 7r. (2.3.1.16) 

Defining a "doubled" worldsheet fermion in analogy to e (where the role of e± is 
taken over by the ip'^) we find that for DD or NN strings ^ is anti-periodic. In the R 
sector we take the boundary conditions 

ipi = ^i ,'0+ = -V'- at a = TT (2.3.1.17) 

and obtain periodic boundary conditions. In the above we have used that, for example, 
in the R-sector periodicity of e implies that the boundary conditions of e-t at o" = vr 
are identical to the ones at o" = 0. Plugging this back into the supersymmetry trans- 
formations ( |2.1.1.22| ) and ( |2.1.1.23| ) evaluated at a = n and taking into account the 
boundary conditions for the bosons, we obtain the boundary conditions of the world- 
sheet fermions at cr = vr. This in turn determines the periodicity of Performing 
the same procedure for ND or DN boundary conditions, one finds that is periodic 
in the NS sector and anti-periodic in the R sector whenever is a direction with ND 
or DN boundary conditions. The ND or DN directions are somewhat similar to the 
twisted sectors we met when discussing Z2 orbifolds. 

At first, we will consider only the case of a single D-brane. This means that we can 
have only DD or NN boundary conditions depending on whether we are looking at a 
direction transverse or longitudinal to the D-brane. Then dX^ will always be periodic 
and (anti-)periodic in the (NS) R sector. 
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2.3.1.2 Quantization of the open string ending on a single D-brane 

The quantization of the open string is very similar to the closed superstring. In 
the following we will point out the differences. At first, we solve the equations of 
motion again by taking a superposition of left-moving and right-moving fields. For 
the bosons, these are given in ( 2.1.2.3 ) and ( 2.1.2.4 ). The boundary conditions relate 
this two solutions. (In addition, we need to replace e~^*"'^* e"*"'^*.)^ In Neumann 
directions, they impose 

< = al (2.3.1.18) 
For Dirichlet directions, we obtain a similar relation and constraints on the zero modes, 

x" = 0" , = , < = (2.3.1.19) 
The general solutions for the bosonic directions read 

X' = x^+pV + i^-aj,e-™^cosna, (2.3.1.20) 

= c''-^i<e-^"^ sinner. (2.3.1.21) 

The mode expansions for the NS sector fermions look as follows 

V'i = E Ke-'"''', (2.3.1.22) 



^+ = 7f E ^^^""^ (2.3.1.23) 



C = ^ E Ke-'""', (2.3.1.24) 



^+ = E (2.3.1.25) 



V2 



For the R sector fermions, one obtains 



(2.3.1.26) 
(2.3.1.27) 
(2.3.1.28) 

ijl = -^<e-^"'"^. (2.3.1.29) 













= E<^ 



If we had chosen the open string half as long as the closed one we would not need this replacement. 
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The next step is to eliminate two directions by performing the Hght cone gauge. We 
take this to be the time-Hke (Neumann) direction and a space-hke Neumann direction, 
which we choose to be x^.^ For the open string we have only an NS sector and 
an R sector. Since the right movers are not independent from the left movers, the 
right and left moving sectors do not decouple anymore. The constraints that the 
expressions ( p. 1.1.24] ) - ( p.l.l.27| ) vanish are not all independent. The zero mode part 
of vanishing energy momentum tensor again yields the mass shell condition (since the 
mode expansions differ by factors of two, there is a difference of a factor of four as 
compared to the closed string ( 2.1.2.42[ )), 



M^ = 2{N-a), (2.3.1.30) 

where a is the normal ordering constant and the number operator N is defined in 
( |2. 1.2.431 ) for the NS sector and in ( |2.1.2.61| ) for the R sector. In the NS sector the 
GSO projection operator is as in ( ^.1.2.50] ) with the second factor removed. The lowest 
GSO invariant states in the NS sector are 



(2.3.1.31) 



where we have indicated again the momentum eigenvalue of the vacuum by k. The 
first set of these states transforms in the vector representation of SO{p— 1) - the little 
group of the unbroken Lorentz group. Hence, this state should be massless leading to 
the consistency condition^ 

UNS = \ (2.3.1.32) 

Like in the closed string, this translates into a condition on the number of target-space 
dimensions 

d = 10. (2.3.1.33) 



The first states in ( 2.3.1.31] ) (with label i) form a f/(l) gauge field. The states with 



label a are scalars transforming in the adjoint of U (1) (here, this appears just as a 
pompous way of saying that they are neutral under f7(l), however, later we will discuss 

^*We do not consider an open string ending on a DO brane, here. As in the case of the closed 
string, it is useful to take Lorentz invariance as a guiding principle for a consistent quantization. For 
a -DO brane, the Lorentz group is broken down to time reparameterizations which is too small for our 
purposes. Later, we will see that we can obtain the DO brane by T-dualizing a higher dimensional 
D-brane. 

^^In principle, we could combine the first states in (2.3.1.31 ) with one of the second states in order 
to form a massive vector representation as long as p < d — 1. However, later we will see that the case 
p = ci — 1 is related by T-duality to the other cases. With this additional ingredient it follows that 



the states in (2.3.1.31) must be massless 
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A Spiii//i 




Figure 2.6: NS mass spectrum of the open superstring 

non-abelian gauge groups where those fields are adjoints rather than singlets). Since 
the center of mass position of the open string is confined to be within the world volume 
of the D-brane, all the open string states correspond to target-space particles which 
are confined to live on the D-brane. The NS mass-spectrum is depicted in figure |2.6| . 

The construction of the R sector vacuum state goes along the same lines as in 
the closed string. The ten dimensional Majorana spinor decomposes into a couple of 
spinors with respect to the unbroken Lorentz group SO{p,l). We impose the GSO 
projection by multiplying the states with one of the projection operators defined in 
( |2.1.2.59| ). The sign is a matter of convention. The R-vacuum is massless on its own. 
It leads to target space spinors providing all fermionic degrees of freedom which are 
needed to obtain the maximal rigid supersymmetry in p + 1 dimensions. 

In the following sections we will investigate systems with more than one D-brane. 
This will lead to non-abelian field theories on a stack of D-branes. But before doing 
so, we will briefiy discuss the possible D-brane setups which are in agreement with 
sup er symmetry. 

2.3.1.3 Number of ND directions and GSO projection 

At first, consider the case that we have an open string with an odd number of ND 

directions. Thus, we will have an odd number of directions where the worldsheet 

^®The maximally possible amount of supersymmetry differs for rigid and local supersymmetry. In 
rigid supersymmetry, the highest occurring spin should not exceed one, whereas in locally supersym- 
metric field theories, spin two fields (the gravitons) are allowed. In 3 + 1 dimensions, the maximal 
supersymmetry is A'^ = 4 (A*' = 8) for rigid (local) supersymmetry. From this one can deduce the 
maximally allowed amount of supersymmetry in higher dimensions by viewing the 3 + 1 dimensional 
theory as a toroidally compactified higher dimensional theory. 
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fermions have zero-modes. For example in tlie R sector, tlie zero-modes form a Clifford 
algebra in p + 1 = odd dimensions. The representation of this algebra by the R ground 
state will be irreducible (there is no notion of chirality in odd dimensions). Therefore, 
we cannot perform the GSO projection on those states. The theory will not lead to 
target-space supersymmetry. 

Let us now discuss the case of an even number of ND directions, taken to be 8 — 2n. 
Then the GSO projection operator on the R sector ground state will be of the form 

PGSO = l±2^dl...dl''+\ (2.3.1.34) 

Using some algebra this can be written as 

Peso = 1 ± e*''('^23+...+J2n.2n+l)^ (2.3.1.35) 

where the Jki are the generators of rotations in the kl plane 

i 



Jkl - "2 



4,4 . (2.3.1.36) 



The eigenvalue of the ND Ramond groundstate under a 180° rotation in one plane is 
±i. Thus, the eigenvalues of the R groundstate \R) under Peso will be 

PGSo\R) = {l±n\R)- (2.3.1.37) 

Prom this we deduce that the GSO projection is possible only if the number of ND 
directions is an integer multiple of four. This means for example that, if a lower 
dimensional D-brane lives inside the worldvolume of a higher dimensional D-brane, 
the higher dimensional D-brane has to extend in four or eight more directions. We 
could have deduced this result faster by noting that (|2.3.1.34| ) defines a projection 
operator only if n is a multiple of four since otherwise the second term in (2.3.1.34) 
squares to —1. 

2.3.1.4 Multiple parallel D-branes — Chan Paton factors 

In this section we will discuss sets of parallel Dp-branesJ^ First, let us have a look 
at two parallel Dp-branes which are separated by a vector Jc" in the transverse space. 
(Later we will see that the distance between parallel D-branes is a modulus, i.e. any 
value is consistent.) From strings ending with both ends on the same D-brane we 
obtain the same spectrum as discussed in the section [2.3.1.2 . In particular, we obtain 



a U{1) X U{1) gauge symmetry where the corresponding gauge fields live on the first 
brane for the first U{1) and on the second brane for the second U{1) factor. 
Recall that the worldvolume of a Dp-brane has p space like and one time like dimension. 
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In addition, we have strings stretching between the two branes. There are two 
such strings with opposite orientations. As compared to section 2.3.1.2| , only the 



mode expansion for the bosons in Dirichlet directions is modified. The string starting 
on the brane at and ending on the brane at c"' + 6c"' has the mode expansion 



X" = + a - -«ne"™" sinna. (2.3.1.38) 

n^O ^ 



The string with the opposite orientation is obtained by replacing a ^ tt — a. We 
rewrite the term with 5c" in a suggestive way 

Sc^a = ^6c" {a+ - a") (2.3.1.39) 



and compare with the expressions ( 2.1.5.9| ) and ( 2.1.5.10 ). The finite distance between 



the D-branes enters the mode expansion in a very similar way as the winding number 
in the toroidally compactified closed string does. This is also intuitively expected - the 
winding closed string is stretched around a compact dimension. As a finite winding 
number also the finite distance contributes to the mass of the stretched string state, 
it results in a shift of 

(6c")'^ 

5M'^ = (2.3.1.40) 

The strings stretching between the branes transform under U{1) x U{1) with the 
charges (1,-1) and (—1,1) depending on the orientation. We will see below that 
these charge assignments are necessary for consistency. Pictorially, they are obtained 
by the rule that a string starting at a brane has charge +1 with respect to the U{1) 
living on that brane whereas it has charge —1 if it ends on the brane. (The photon 
which starts and ends on the same brane has net charge zero.) The U{1) x U{1) can 
be also rearranged into a diagonal and a second U{1) such that all states are neutral 
under the diagonal U{1). 

The lightest GSO-even states in the NS sector of the stretched string are 

V'ii|12) , ^^11121), (2.3.1.41) 

2 2 

V'% |12) , V'N |21) (2.3.1.42) 

2 2 

where |12) and |21) denote the NS vacua for strings stretched between the two D- 
branes and we have dropped the zero mode momentum eigenvalues k in the notation. 
In this sector, the lightest states form a vector and d— {p+2) scalars. (Note that, in the 
light cone gauge, we have to combine one of the transverse excitations ( p. 3. 1.42 ) with 



the longitudinals ( 2.3.1.41 ) in order to obtain a massive vector.) The R sector states 
provide the fermions needed to fill up supermultiplets. (The amount of supersymmetry 
is the same as in the single brane case.) 
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Now, take the inter-brane distance to zero. We obtain two massless vectors and 
2{d — p — 1) massless scalars. Together with the massless fields coming from strings 
ending on identical brancs, the vectors combine into a U{2) gauge field, and the scalars 
combine into d — p — 1 scalars transforming in the adjoint of U{2). (One can split 
U{2) into a diagonal U{1) times an SU{2). All fields are SU{2) adjoints and neutral 
under U{1).) Moving the D-branes apart from each other can be viewed as a Higgs 
mechanism from the target space perspective. The amount of supersynimetry leads 
to flat directions for the scalars in the adjoint of U{2). This means that a scalar can 
have some non zero vev breaking U{2) to U{1) x U{1). With the given amount of 
supersymmetry, all massless fields transform in the same representation of the gauge 
group as the vector bosons {viz. in the adjoint). Therefore, the Higgs mechanism can 
only work for non-abelian gauge groups. Our charge assignments of the open strings 
stretched between two different D-branes thus lead to a consistent picture. 

An economic way of studying systems with N parallel D-branes is to replace all 
the different sectors corresponding to the possibilities of strings stretching among the 
N D-branes by one matrix valued state 

\-) ^\;ij)Xji (2.3.1.43) 

where A is an iV x matrix. The component Xji corresponds to a string stretching 
between the ith. and the jth brane. The matrix A is called Chan-Paton factor. Consider 
again the case where all the N D-branes are separated in the transverse space. For 
the lightest NS sector states the diagonal elements Xu are N U{1) gauge fields and 
d — p — 2 scalars. They are neutral under U (1)^, i.e. 

Xu = Xl (2.3.1.44) 

The off-diagonal elements correspond to massive vectors and scalars. Open string 
sectors with opposite orientation have opposite charges under [/(l)^, i.e. 

Xij = a],. (2.3.1.45) 

The Chan-Paton factor is a unitary N x N matrix. Maximal gauge symmetry is ob- 
tained when all N D-branes sit at the same point in the transverse space. The diagonal 
and off-diagonal elements of A combine and give rise to a U{N) vector multiplet. 

2.3.2 D-brane interactions 

Already at an intuitive level, one can deduce that D-branes interact. This comes about 
as follows. The two ends of an open string ending on the same D-brane can join to 
form a closed string. The closed string is no longer bound to live on the D-brane, 
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Figure 2.7: D-brane Dj and D-brane D^ talking to each other by exchanging a closed 
string. 



it can escape into the bulk of the target space. In particular, it may reach another 
D-brane by which it is absorbed. The absorption process is inverse to the emission 
process. The closed string hits the D-brane where it can split into an open string 
which is constrained to live on the second D-brane. D-branes talk to each other by 



exchanging closed strings. In figure |2.7| we have drawn such a process. In order to 
make contact to conventions of the standard reviews on D-brane physics we take the 
closed string twice as long as the open string (see also the footnote 33). This implies 
that in the closed string mode expansions we replace e' 



We will compute the process depicted in figure 2.7 in Euclidean worldsheet signa- 
ture. The range of the worldsheet coordinates is 



< cr < 27r 



< T < 2ttI. 



(2.3.2.1) 



The Euclidean worldtime r is taken to be compactified on a a circle of radius 21. The 
worldtime taken by a string to get from one brane to the other one is 27tI - this process 
can be periodically continued such that one period lasts 47rZ. (The factor of 27r is a 
matter of convention. It is introduced because compact directions are usually specified 
by the radius of the compactification circle rather than its circumference.) Note also, 
that / has nothing to do with the distance of the D-branes. The distance in target 
space will appear later and will be denoted by y. 

Since we have defined the D-branes in terms of open strings it will be useful to 
compute also the D-brane interactions in terms of open strings. To this end, we 
perform a so called worldsheet duality transformation, i.e. we interchange a with r. 
The resulting picture is an open string one-loop vacuum amplitude. It is described by 



the annulus diagram drawn in figure 2.5 
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Figure 2.8: D-brane Dj and D-brane Dj talking to each other by a pair of virtual open 
strings stretching between them. 



The parameter ranges for the open string are 

0<T<27r , 0<cr< 2ttI. (2.3.2.2) 
The periodicity of closed string worldsheet fermions is related to the behavior of 



open strings under shifts in r by 27r. The diagram 2.8 corresponds to a vacuum ampli- 
tude and thus to a trace in the open string sector. This trace is actually a supertrace 
with respect to worldsheet (and target space) supersymmetry. The additional sign in 
the trace over worldsheet fermions is imposed by specifying the boundary condition 

(r + 27r, a) = {-f r± (r, a) . (2.3.2.3) 



Thus, a {—)^ insertion (canceling the (— )^ in ( 2. 3. 2. 3D ) corresponds to closed string 



RR sector exchange whereas no (— )^ insertion yields the closed string NSNS sector 
exchange. From the open string perspective there is no exchange of NSR or RNS 
sector closed strings between the D-branes. In the picture the D-brane appears 
as a boundary state of the closed string.^ This boundary state is a superposition 
of an NSNS sector state and an RR sector state. There are no NSR or RNS sector 
contributions. This can be explained by the fact that the D-brane is a target space 
boson. It is specified by the target space vector c"" in ( |2.3.1.5 ) and hence transforms 



as a vector and not as a spinor under rotations in the space transverse to the brane. 
We will not present the details of the boundary state formalism here, and recommend 



It will turn out that the closed strings which are exchanged in figure 2.7 are type II superstrings 
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the review [195] instead. To be slightly more specific let us just present the defining 
equation for a boundary state in closed string theory (as usual we label the Neumann 
directions by i = 0, . . . ,p and the Dirichlet directions by a = p + 1, . . . ,9) 

drX' |D-brane) = {X" - c") |D-brane) = 0. (2.3.2.4) 

This relates the right moving and left moving bosonic excitations the boundary state 



can carry. Applying the worldsheet supersymmetry transformations (2.1.1.22) and 



( |2.1. 1.231 ) on ( |2. 3.2.41 ) and requiring that there is a combination of the two supersym- 



metries which annihilates the boundary state tells us that the boundary state should 
have the same number of right moving and left moving fermionic excitations. Also, 
when e+ is taken to be (anti)-periodic then e_ should have the same periodicity. The 
boundary state cannot be excited by NS fermions in, say, the right moving sector and 
R fermions in the left moving sector. It has only an NSNS and an RR sector. 

Instead of the non-standard range for the open string worldsheet coordinates we 
would like to have the standard range 

< r < 27rt , < cr < vr. (2.3.2.5) 

In order to achieve this we redefine r — > rt and f ^ ^. Under this redefinition, 
the Hamiltonian (which is obtained by integrating the rr component of the energy 
momentum tensor over a) transforms according to 

H 2lt^H. (2.3.2.6) 

Further, we want the time evolution operator when going once around the annulus 
to transform as (27rt should be identified with the worldsheet time it takes the open 
string to travel around the annulus once) 

e-^^H (2.3.2.7) 

This yields the relation 

tl = ^. (2.3.2.8) 

The annulus vacuum amplitude in figure yields the vacuum energy of an open string 
starting on the D-brane Dj and ending on the D-brane Dj. This can be expressed as 

— — log det H = — — tr log H = — lim tr- 



2 ° 2 ° 2e^o de 

(S i [ 1*'^""") + i 2. - Ir' (1) ) . (2.3.2.9) 



2. D-brane interactions 



74 



At a formal level this expression is correct. However, the next step is to take the 
limit of e ^ before performing the integral over t. This would be allowed only if 
the integral were converging. This is not the case in most of the applications (for 
example, the integral diverges if H is just a number and no trace is taken). But the 
error done is some unknown additive constant contribution which is not of interest for 
usP^. Together with this unknown constant we also drop the ^ (log27r — F' (1)) and 
obtain for the amplitude in figure |2.8| (reinstalling a') 

-Stre-2™'*^ (2.3.2.10) 
2t ^ ' 

(here we have replaced the trace by a supertrace. It refers to target space supersym- 
metry, i.e. the trace receives an additional minus sign for target space spinors. The 



integral over t is usually regulated by a UV cutoff near t = 0.) The expression (|2.3.2.10D 
has also an intuitive interpretation. The supertrace describes a process where a pair of 
open strings is created from the vacuum, then propagates for a time 27rt and annihi- 



lates. This corresponds to the diagram drawn in figure 2.8. Further, we integrate over 



all possible moduli t of the annulus with the measure ^. The Hamiltonian is p"^ + 
which can be expressed by use of ( 2.3.1.30] ) and ( 2.3.1.40 ) as follows 



H=p^ + ^ + 2{N-a), (2.3.2.11) 

where y is the distance between the two D-branes, and a is the normal ordering 
constant (^ per bosonic direction, ^ per fermionic direction in the NS sector, and 
— ^ per fermionic direction in the R sector). Recalling that in this expression we 
have set a' = ^ gives (just multiply with appropriate powers of 2a' to get the mass 
dimension right) 

a'H = a'p^ + + (N - a) . (2.3.2.12) 

47r^Q! 



It is useful to split ( 2.3.2.10| ) into several contributions 



-Stre-2™'*^ 
2t 



I 



f V f ^-^■^ia Ho\ 4.^ (-2ntHB\ 

— tr ZERO I e " treosoNs ( e ^ ) 

2t MODES V / 



tr^^^Ns (e-^'^^^'^s) _tr^'^'u^ (e-^-*^«) . (2.3.2.13) 

FERMIONS FERMIONS 



FERMIONS 

We have split the Hamiltonian into 

a'H = a'Ho + HB + HNs/R, (2.3.2.14) 



^^In our case the trace is actually a supertrace which vanishes when taken over a constant. However, 
since the corresponding series does not converge absolutely the result depends on the ordering in which 
we take the trace. 
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with 

(2.3.2.15) 
(2.3.2.16) 

(2.3.2.17) 

(2.3.2.18) 

An additional minus sign in the R sector contribution is due to the fact that we take 
the supertrace with respect to space time supersymmetry (R-sector states are space 
time fermions). The superscript GSO indicates that the trace is taken over GSO even 
states. We will clarify this point later. 
The trace over the zero modes is 

= 2K+1 (Svr^a't) ^ e'w, (2.3.2.19) 

(27r)^^ 

where the factor of two counts the possible orientations of the open string traveling 
through the annulus. The factor V^+i denotes formally the worldvolume of the parallel 
Dp branes. It arises due to the normalization of states with continuous momentum 
{{p\p) = (5(P+^) (0) = Vpj^i/ {2t:Y^'^). To express oscillator traces, it is useful to define 
the following set of functions^ 

oo oo 

/i = 9^ n (1 - ' /2(9)=9^^n(i+9'")' 

n=l n=l 

oo oo 

/3(g) = 5-^n(l + ^'""') ' /4(^) = 9-^11(1 (2-3.2.20) 

n=l n=l 

These functions satisfy the identity 

/l(9) = /l(9)+/l(9). (2.3.2.21) 

In order to translate the open string calculation back to the closed string process 
(figure |2.7|) we will make use of the modular transformation properties, 



/i e-^ =V^/i(e--^), /3 e-^ =/3(e--^), /a e"^ = /4 (e"'^^) . (2.3.2.22 



These are related to the Jacobi theta functions, which are also often used in the literature. 
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Next, we are going to compute the trace over the worldsheet bosons. The sum over the 



coordinate label i in ( 2.3.2.16 ) can be written in front of the exponential as a product. 
Nothing depends explicitly on the direction i, therefore this gives a power of eight to 
the result for a single bosonic direction. The second sum can be decomposed into a 
level part and an occupation number part, giving the result 

(oo CXD \ ^ 

e^nE^''"*'M • (2.3.2.23) 
1=1 k=0 ) 

Here, I denotes the level of a creator a_/ acting on the ground state and k is the 
occupation number (the number of times this creation operator acts) . The sum over 
k is just a geometric series, and we obtain the result 

trBosoNs e = — — — — -. (2.3.2.24) 

The calculation of the traces over the fermionic sectors is similar. Let us just point 
out the differences. First of all, we have to take the trace only over GSO even states. 
This is done by inserting the GSO projection operator into the trace and summing 
over all states 

tr^^O Itr (•••) + ^tr ({-f • • • ) . (2.3.2.25) 

The second difference - as compared to the bosonic calculation - is that for world- 
sheet fermions the occupation number can be only zero or one (since the creators 
anticommute) . The NS trace without the (— )^ insertion comes out to be 

^tr,,s = i/l (e--*) . (2.3.2.26) 

Since the NS vacuum is GSO odd we assign an additional minus to states with even 
and zero occupation if (— )^ is inserted into the trace. 



Itr^s ((-)^e-2'^*^-) = -\fl {e--') . (2.3.2.27) 



For the R-sector trace without the (— ) insertion one obtains 

_itr, (e-2-*^«) = -\fl (e--*) , (2.3.2.28) 

where the 16-fold degeneracy of the R vacuum has been taken into account by the 
factor of \/2 in the definition of fi (2.3.2.20). The R sector trace with a (— )^ insertion 



vanishes identically. Half of the R sector groundstates have eigenvalue -|-1 whereas the 
other half has eigenvalue —1. Adding up all the results and using the identity (|2.3.2.21|) 



we find that the net result for the annulus amplitude vanishes. This implies also that 
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Sector 



RR 



r, dix 



NSNS 



p+i 



i (4aV) Vp+i e"4^ 



Table 2.7: Contributions of massless RR and NSNS sector closed strings to figure 2.7 



the closed string diagram 2.7 vanishes, and a hasty interpretation of this would lead 
to the conclusion that D-branes do not interact (at least not via the exchange of 
closed strings). However, as we will argue now, this is not the case. The situation 
rather is that repulsive and attractive interactions average up to zero. In order to 
see thisP], let us translate the annulus result back to the tree channel. Further, we 
would like to filter out the contributions of massless closed string excitations. To this 
end, we replace t in terms of / using ( 12.3.2. 81) , and afterwards apply (|2.3.2.22| ). The 
contribution of massless closed string excitations is obtained by focusing on the leading 
contribution in the / — > 00 limit. (Massless interactions have infinite range whereas 
the interactions carried by massive bosons have finite range.) We collect the result 
of this straightforward calculation in table |2.7| . We separate closed RR contributions 
from NSNS sector contributions. The former ones correspond to the (— )^ insertion 
and the latter to the 1 insertion in the annulus amplitude. 



From table 2/I_ we deduce that interactions carried by closed strings in the RR 
sector cancel interactions mediated by closed strings in the NSNS sector. One can 



take the diagram 2.7 to the field theory limit. In that limit the 'hose' connecting 
the two D-branes becomes particle propagators (lines). In the NSNS sector we find 
propagators for the metric (fluctuations), the dilaton and the anti-symmetric tensor 
Bfj_^. The D-branes appear as source terms for those fields. The NSNS contribution to 



diagram 2.7 tells us the strength of this coupling. In particular, it yields the strength 



of the gravitational coupling which is given by the tension Tp. A detailed analysis of 



the effective field theory and comparison with table 2/I_ leads to the result | 371 ] 



3-p ^_2$o 



(2.3.2.29) 



Already in the annulus computation, there are signs for such a cancellation. For the result, the 
minus sign in front of the R sector contribution was essential. Since R sector states are target space 
fermions, this indicates that the result is due to target space supersymmetry. 
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where k is the gravitational coupling in the effective theory (see section 2.1.4) and 
$0 denotes the constant vev of the dilaton. Even though we did not derive this 
explicitly here, let us make a few comments to motivate the expression qualitatively. 
In a field theory calculation the propagator of an NSNS field is accompanied by a 
power of K^e^*". With Tp defined as in ( |2.3.2.29|) the k and $o dependence drop 
out. Since ~ (o^')^' the mass dimension of Tp is correct. (The a' dependence 
in the string calculation yields agreement with ( |2.3.2.29| ) after substituting for the 
integration variable / such that the a' dependence in the exponent vanishes.) Further, 
the exchange of massless particles should lead to a Coulomb interaction in field theory. 
For the interaction between the two D-branes this means that the potential should be 
given by the distance to the power of two minus the number of transverse dimensions 

V ~ yP-\ (2.3.2.30) 

In the string result (table |2.7D , we can extract the y dependence after rescaling the 
integration parameter / such that the y dependence in the exponent disappears. The 
result agrees with ( ^.3.2.30 ). In order to fix the numerical coefficient, one needs to do 



a more detailed analysis of the field theory calculation. More details on this can be 
found in Polchinski's bookl|371 



The second line in table 2^ tells us that and how string RR fields couple to the 
brane. We find the same Coulomb law as for the gravitational interaction. The RR 
field should be a p + 1 form. The p = even branes interact via closed type IIA strings 
and the p = odd branes via closed type IIB strings. The value of the RR contribution 
is exactly minus the value of the NSNS contribution. This provides us with the RR 
charge of the D-brane0 

^il = 2K^T^e^'^°, (2.3.2.31) 
where we have taken into account the dilaton dependent RR field redefinition per- 



formed in section |2.1.4 The signs are undetermined at this level. 



2.3.3 D-brane actions 

In the following we will specify the actions for the field theory on the D-brane. We 
will also argue that the D-brane interaction with the bulk field is obtained by adding 
the action for fields living on the D-brane (the D-brane action) to the effective type 



II action of section 2.1.4 . The previous calculation fixes the coefficient in front of the 
D-brane action. 



^^ The facto r of 2k.^ has been introduced in order to match the charge definition to be used later in 



equ. (3.3.0.12) 
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2.3.3.1 Open strings in non-trivial backgrounds 



In this section we will modify the calculation presented in section |2.1.3| such that 
it accommodates open string excitations. We perform a Wick rotation such that the 
worldsheet is of Euclidean signature. Further, we map the parameter space of the open 
string worldsheet from a strip to the upper half plane via the conformal transformation 

^^gT+ia^^l^ •^2_ (2.3.3.1) 

The discussion is performed for bosonic strings but later we will also give the result for 
superstrings. Since the open string couples naturally to closed strings (via joining its 
ends) we also switch on non-trivial closed string modes. These are the metric G^i, and 
the antisymmetric tensor B^^. We will take those background fields to be constant. 
For the open string we take Neumann boundary conditions in all directions at first. 
(For the superstring this is not consistent with RR conservation. At the moment we 
will ignore this problem and return to it later.) Later, we will discuss that T-duality 
maps Neumann to Dirichlet boundary conditions. Hence, the restriction to Neumann 
boundary conditions will not result in a loss of generality. At first, we consider a single 
brane setup. The massless open string excitation is now a U{1) gauge field A^. We 
restrict ourself to the special case that the U{1) field strength F^j^ is slowly varying, i.e. 
we neglect contributions containing second or higher derivatives of Ffj_^. Under these 
conditions we will be able to perform the calculation to all orders in a' (in difference 
to section 2.1.3| ). The nonlinear sigma model reads 

1 



S 



27ra' 



+ i [ dz^A^diXf" 

Jz^=0 



(2.3.3.2) 



Here, A has been rescaled such that a' appears as an overall factor in front of the action. 
The target space indices /U,z^ are raised and lowered with the constant background 
metric G^^- The worldsheet metric is taken to be the identity in the coordinates 
( 2.3.3. 1| ) - PI Using Stoke's theorem the term with the constant B field can be rewritten 



surface integral 

[ d^ze'^^Bf^ydaX'^OpX" = 2 [ dz^B^^X^'diX" . (2.3.3.3) 

J Jz^=0 
The term with the B-field can be absorbed into a redefinition of the gauge field A^ 
and we can put it to zero without loss of generality. (It can be recovered by replacing 
F F -2B.) 



^In principle this choice introduces gauge fixing ghosts as stated in section 2.1.3| . Since their effect 



is not altered by the presence of the boundary we will not discuss the ghosts here. We should, however, 
mention that there are technical subtleties when taking into account the dilaton in worldsheets with 
boundaries, see e.g. tel. (Recall that the ghosts contribute to the dilaton beta function.) 
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In order to proceed we specify a classical configuration around which we are going 
to expand. We denote this again by . For freely varying ends the equation of 
motion and boundary conditions read 

d^d^X^ = 0, (2.3.3.4) 

(92X'^ + iF,'^9iX^) 1^2=0 = 0- (2.3.3.5) 

The presence of the U{\) gauge field results in inhomogeneous Neumann boundary 
conditions. Since we have restricted ourselves to the case where the target space 
metric is constant, the background field expansion simplifies in comparison to the 
computation of section 2.1.3 . The fields can simply be Taylor expanded. Neglecting 
second and higher derivatives of F^y, the background field expansion terminates at 
the third order in the fluctuations, 

S[X + (\=S[X]+^ j <fz\d-i,d^e 

Since we have chosen the worldsheet metric to be the identity (and the geodesic curva- 
ture of the boundary to vanish) a suitable technique to integrate out the fluctuations 
S,^ is given by a Feynman diagrammatic approach. This means that we split the action 
into a free and an interacting piece. The free piece determines the propagator whereas 
the interacting one leads to vertices. As the free part of the action we take 

Sfree = d'zd^i.d^e + ^ dz' F .^^'^ ■ (2-3.3.7) 

Hence, the interacting part is given by the rest 

= 2^ L-o '^^^ (^^'^^A^^^'^^^i^'' + ^^-^MAe^e^^i^^) . (2.3.3.8) 

In order to compute the propagator we have to invert the two dimensional Laplacian 
and to satisfy the (inhomogeneous Neumann) boundary conditions arising from the 
variation of Sfree with respect to (with free varying ends of the ^^), 

-1-U^^,{z,z') = -5{z-z')G^,, (2.3.3.9) 
(asA^, (z,z') +iF^^aiAA.(2,z')), , = 0. (2.3.3.10) 

\ / |2^=0 

This boundary value problem can be solved (for example by borrowing the method of 
mirror charges from electro statics) with the result 



A'"^ (z, z') 



-a' 



A , I -/i2 , .uu. z-z' 



G^^og^ ^ + {G''] log z - zT + r log ■ 



(2.3.3.11) 



2. D-brane actions 



81 



z 



V 

z' 



A^'' (z,z') 




Figure 2.9: Feynman rules: The dotted line denotes the worldsheet boundary. The 
slash on the leg means that a derivative acts on the corresponding leg. 

Here, we have introduced the following matrices (an index S{A) stands for (anti- 
)symmetrization and G^'^ are the components of the inverted target space metric G^^, 
as usual) 

(g)^^ = G,,-{FG-^F)^^, (2.3.3.13) 

The interaction piece 5j„t gives rise to two vertices — one with two and one with 
three legs — located at the boundary. The Feynman rules are summarized in figure 

The propagator A'^'^ {z,z') becomes logarithmically divergent if the arguments co- 
incide. Therefore, we replace the logarithm of zero by its dimensionally regularized 
version 

>°sN-'ii,«. =-/ =-Er*/ 2wi^Y ^'''''^ 

where the momentum integral extends over a two dimensional plane. We introduced a 
mass scale which is needed in order to keep the mass dimension fixed while changing 
the momentum space dimension. In the last step we have introduced also an infrared 
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cutoff m^.^ With our regularization prescription we obtain 

.og(--/),_,=i.-(£)'r(l), (2.3.3.16) 

wfiicli has a simple pole as e goes to zero. 

The bare background field (coupling) ^4^ is infinite. By adding counterterms to 
the action the bare field can be expressed in terms of a renormalized field which is 



finite as e goes to zero. The only counterterm arises from the diagram in figure 2.10 
The action is written in terms of renormalized fields by adding 



6S 



27ra 



j[ dz^ld,F^xdiX^'A''''{z\z'^),,^^. (2.3.3.17) 



(and replacing the bare gauge field by the renormalized one. Hoping that the renor- 
malization program is sufficiently familiar we do not introduce sub- or super-scripts 
indicating the difference between bare and renormalized couplings). The beta- function 
of A^J_ is obtained by applying on the renormalized couplings and using the fact 
that the bare couplings are independent of the cutoff. This leads to (now, Ap, denotes 
the renormalized coupling) 

= ii—Ap = d.Fpx (g-^) . (2.3.3.18) 

In this case the vanishing of the beta function ensures conformal invariance. (We do 
not encounter the subtleties which we met in section 2.1. 3| . Partially, this is the case 



because we have written the action always in a manifestly gauge invariant form, i.e. 
in terms of the gauge field strength. By performing partial integrations differently we 
could have carried out the calculation in a slightly more complicated way, with the 
same result.) The equation of motion for the gauge field is 

f3f: = 0. (2.3.3.19) 

This equation of motion can be lifted to the Dirac-Born-Infeld action 

5 = ^ (47r2a')^ j d^+^x e"* ^det (G + F), (2.3.3.20) 

where 1 is the number of Neumann directions (i.e. for our discussion p + \ = 10(26) 



for the super (bosonic) strin^j). The factor in front of the integral in ( 2.3.3.20 ) has 
not been fixed by our current discussion. We will explain how to fix it below. The 
same applies to the dilaton dependence. (We discussed only the case of a constant 
dilaton <I>.) Since we have rescaled A^ by powers of a' such that the a' dependence 



2. D-brane actions 



83 




Figure 2.10: Tiie logarithmically divergent Feynman diagram. 



appears as an overall factor in ( 2.3.3.2| ), the ol expansion of the action ( |2. 3.3.20] ) is 
not obvious. Performing rescalings such that has mass-dimension one (or zero) 
shows that the a' expansion is a power expansion in F^j^y. Also, we note that the 



propagator ( 2.3.3.17 ) contains higher orders in ol . Alternatively, we could have chosen 
a propagator satisfying homogenous Neumann boundary conditions at the price of 
having an additional vertex operator. This additional vertex does not lead to a one 
loop (leading order in a') divergence since it is antisymmetric in its legs. The leading 
order a' equation is 



d^.F^'' = 0. 

Lifting this to an action would give (in the small a' approximation) 

S ~ / dP+^xe-*. 



(2.3.3.21) 



(2.3.3.22) 



where the $ dependence has been taken such that the result coincides with the small 
a' expansion of ( 2.3.3.2Cl| ). Expanding ( p. 3. 3. 20] ) in powers of F and keeping only terms 
up to we find in addition to ( 2.3.3.22) ) a contribution J dP^^xe~'^ \J—G. From a 
field theory perspective this is a tree level vacuum energy. So far, we did not properly 
couple the open string excitations to gravity. We included the effects of bulk fields 
on the equations of motion for open string excitations, but we did not encounter a 
back reaction, i.e. that the field enters the equations of motion for the closed string 
excitations. The reason is that the back reaction is an annulus effect. We will not 
present a detailed annulus calculation but sketch the result. (In principle we have 
done the necessary computations in the previous section.) Since the beta functions 
depend on local features (short distance behaviors) one would guess that for the beta 
function it may not matter whether the worldsheet is an annulus or a disc. However, 



the annulus may degenerate as depicted in figure 2.11 



different (maybe more elegant) way to deal with infrared divergences is discussed e.g. in [102|, 
see also the appendix of[ ^28| . 

We view the result of our computation as a result for the bosonic modes of the supers tring. Sin ce 
we did not specify the effective action for the closed bosonic string the factor in front of (2.3.3.20) is 



irrelevant for the bosonic string (see also the discussion of the Fischler Susskind mechanism below). 



2. D-brane actions 



84 




Figure 2.11: Fisdiler Susskind mechanism: The annulus degenerates into a punctured 
disc as the inner circle shrinks to zero. This gives rise to a closed string counterterm 
depending on the open string excitations. 



This gives an additional short distance singularity. (The inner circle of the annulus 
becomes short.) This singularity can be taken care of by adding counterterms to 
the closed string action. The counterterms depend on open string modes. This in 
turn leads to terms in the closed string beta functions which depend on the open 
string modes. This process is known as the Fischler Susskind mechanism. The net 
effect is that we add the open string effective action to the closed string effective 
action (2.3.3.20) and obtain the equations of motion by varying the sum. This is 
the expected back reaction. (In particular the Einstein equation now contains the 
energy momentum tensor of the open string modes.) After taking the back reaction 
into account, the coefficient in ( [2.3.3.20 ) does matter. In the previous section we 
have computed the tension of the D-brane ( |2.3.2.29l ) . This fixes the coefficient and the 
dilaton dependencef^ as given in ( |2.3.3.2q ). According to our discussion in the previous 
section, the presence of a D-brane should also back-react on the RR background. We 
could not see this in the present consideration since we did not take into account non 
trivial RR backgrounds. (In fact, it is rather complicated to switch on non-trivial RR 
backgrounds in the non-linear sigma model.) We will come back to the discussion of 
RR contributions to the open string effective action below. 

So far, we have studied the case of a single D-brane. How is this discussion modified 
in the presence of multiple D-branes? We have focused on the case where we have only 
Neumann boundary conditions. This means that multiple D-branes must sit on top 
of each other, simply because there is no space dimension left in which they could be 
separated. The effect of having more than a single brane is that the gauge field Af^ is 
a U{N) gauge field - it is a matrix. Calling the expression ( |2.3.3.2 ) an action does not 
make much sense anymore since we would have a matrix valued action. Therefore, one 



^^Note also that this dilaton dependence agrees with our general discussion in section 2.1.4, The 
Euler number of the disc differs by one from the Euler number of the sphere. 
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takes just the bulk part of the action (the first Une in ( p.3.3.2 )) and computes instead 



of the partition function the Wilson loop along the string boundary] 142 



W = (tr (Pe'^eM'it^^^^^)) ^ (2.3.3.23) 



where we have denoted the boundary of the worldsheet by dM and chosen some t 
to parameterize this curve. The letter P stands for the path ordered product. The 
expectation value is computed with respect to the bulk action only. Now, it is prob- 
lematic to get an expression containing all orders in a' . The leading a' contribution 
to the beta function results in the Yang-Mills equation 

V^F'"' = 0, (2.3.3.24) 

where V denotes a gauge covariant derivative. The effective action in leading ap- 
proximation can be obtained as follows. We expand ( 2.3.3.20] ) to first order in F'^. 



We replace F'^ by trF"^. In addition, we multiply the zeroth order term in F by the 
number of D-branes (the tension is N times the tension of a single D-brane). The 
generalization of the Dirac-Born-Infeld action ( p. 3.3.20] ) to non-abelian gauge fields is 



a subject of ongoing research, see e.g. p:49] , [75| . 



2.3.3.2 Toroidal compactification and T-duality for open strings 

In the previous section we have discussed the case of having Neumann boundary 
conditions in all directions. This means that the D-branes have been space filling 
objects. In order to obtain results for D-branes extending along less dimensions we 
will discuss T-duality for open strings, now. 

At first, we focus on the case with trivial background fields. From section p. 1.5 we 



recall that T-duality interchanges winding with momentum modes. For the open string 
we have either winding or momentum modes in compact directions. A string with 
DD boundary conditions along the compact dimension can have non-trivial winding 
modes. Since the ends of the string are tied to the D-brane it cannot unwrap. On 
the other hand, the DD string does not have quantized Kaluza Klein momenta. The 
D-brane can absorb any momentum carried by the string in the compact direction. 
For NN strings, opposite statements are true. If the string has Neumann boundary 
conditions along the compact dimension, its ends can move freely in that direction - 
it can continuously wrap and unwrap the compact dimension. On the other hand, the 
string cannot transfer Kaluza-Klein momentum to the D-brane. The NN string has 
non-trivial momentum modes. This consideration suggests that T-duality for open 
strings interchanges Neumann with Dirichlet boundary conditions. 

Let us substantiate these qualitative statements by studying the effect of T-duality 
on the mode expansions. For the T-duality transformation we use the "recipe" ( p.l.5.31|) 
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To be specific we choose the ninth direction to be compact, i.e. 

x'^ = x^ + 2ttR. (2.3.3.25) 

For the string with NN boundary conditions in the ninth dimension this imphes that 
the center of mass momentum is quantized 

p9 = ^, (2.3.3.26) 

with n being an integer. There are no integer winding numbers in the case of NN 



boundary conditions. We rewrite the mode expansion (2.3.1.20) in a suggestive way 



= X]i + Xl, (2.3.3.27) 



X 



9 



n + , ^ Sr^ 1 9 -ina+ i"! Q Q on\ 

Y + ^^ +2 2^^"^^^ • ^^•^•^•29) 



Applying the recipe ( p. 1.5.31] ), we obtain the mode expansion for the T-dual coordinate 
X^ T-DUALITY x9 = -a + yia9e— -sinna. (2.3.3.30) 

This mode expansion is zero at cr = and 2nR' at o" = vr, where (see ( |2.1.5.20| )) 

„/ 1 a' /X 
R' = — = — . 2.3.3.31) 

2R R ^ ^ 

The interpretation is that the open string ends on a D-brane located at x^ = 0^. 
The open string winds n times around a circle of radius R'. It is rather obvious that 
— starting from a DD string with mode expansion (|2.3.3.30| )— T-duality will take us 
to an NN string with mode expansion ( 2.3.3.27] ), (the center of mass position depends 



again on the way we distribute a constant between left and right movers). So, T- 
duality inverts the compactification radius and interchanges Dirichlet with Neumann 
boundary conditions. We leave it to the reader to verify that an investigation of the 
worldsheet fermions and of ND directions is consistent with this picture. 



In section 2.3.2 we have noticed that Dp-branes with p even (odd) interact via 
the exchange of closed type IIA(B) strings. Our present observation that T-duality 
along a compact direction interchanges Dirichlet with Neumann boundary conditions 
implies that a Dp-brane with even p is mapped onto a Dq-brane with odd q, and vice 



''^We could have obtained a different position by distributing the center of mass position of the NN 
string asymmetricaUy among left and right movers. 
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versa (q = p it 1). This goes along nicely with our earlier statement (section p. 1.5.4 ) 
that T-duality along one circle interchanges type IIA with type IIB strings. 

Finally, let us discuss T-duality for open strings in the presence of non-trivial 
background fields. For the closed string we have done this in section 2.1.5.3. Because 
the discussion of the closed string background fields is not affected by the open string, 
we will focus on the special case where only the open string gauge field is non-trivial. 
For simplicity we also restrict to one D-brane only (for multiple D-branes see e.g. 
|143f| )P^ Let us first outline in words the procedure we are going to carry out. The 
compactification has to be done in a Killing direction. (Shifts along the compact 
direction are isometrics.) We will take this dimension to be the ninth. The next step 
is to gauge this isometry and to undo the gauge by forcing the corresponding gauge 
field to be trivial. This will be done again by adding a Lagrange multiplier times the 
field strength of the isometry gauge field. The Lagrange multiplier will become the 
T-dual coordinate in the end. In particular the Lagrange multiplier lives on a circle 
whose radius is inverse to the original compactification radius. This is derived from 
the requirement that the radius of the isometry-gauge group (U{1)) agrees with the 
compactification radius. We will not discuss the technical details of this derivation 
(they are presented for example in the appendix of [15|). Instead, we will focus on 
a detailed discussion of the boundary conditions. The boundary condition of the 
isometry gauge fields is constrained by the boundary condition of the open string. This 
will be implemented by a second Lagrange multiplier which lives only at the boundary 
of the worldsheet. After integrating out the isometry gauge fields the integration 
over this second Lagrange multiplier will give the boundary condition for the T-dual 
coordinate (the "first" Lagrange multiplier )P|. 

After having described the strategy, we will now present the details of the proce- 
dure. Setting a' = ^ the open string worldsheet action with a non-trivial U{1) gauge 
field coupling to the boundary reads (for convenience we use a rescaled as compared 
to ( 2.3.3.2| ) and choose Minkowskian worldsheet signature here) 

S=^( [ dh + / dt{ A^dtX" + Vf,^nX^')] , (2.3.3.32) 

\Jm JdM J 

where M denotes the worldsheet and ^^A its boundary (parameterized by t). With 
dn we denote the derivative into the direction normal to the boundary. We specify the 



**We will comment briefly on the case of multiple D-branes at the end of this section. 

''^As we will see below integrating over the second Lagrange multiplier k boils down to setting an 
argument of a delta function to zero. This in turn implies boundary conditions on the Lagrange 
multiplier A. 
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cliaracter of the boundary conditions in direction by the fohowing assignment^ 

(2.3.3.33) 



Boundary Condition 


5X^ 




Dirichlet 


fixed 


free 


Neumann 


free 


fixed 



This imphes that for Dirichlet boundary conditions we set Ag = whereas for Neu- 
mann boundary conditions Vg = is chosen. For the Neumann boundary conditions 
(free varying ends) the variation of S gives the boundary condition (we denote the 
normal vector with and the tangent vector with t°) 



(2.3.3.34) 



where F^^ is the field strength of the U{1) gauge field A^. For Dirichlet conditions we 
obtain 



^9 = 0. 



(2.3.3.35) 



Since this should be in agreement with our assignment that the variation of the end 
of the open string in the ninth direction is fixed (possibly related to the variations in 
other directions), the function should be interpreted as a vector which is tangent to 



the brane. Equation ( 2.3.3.35 ) then means that the D-brane is localized in the ninth 
direction. 

Since we have chosen the simplified case of trivial closed string backgrounds any 
direction (in cartesian target space coordinates) is an isometry. Suppose that in ad- 
dition the derivative of the U{1) gauge field is pure gauge, i.e. zero modulo gauge 
transformations. So, without loss of generality we restrict ourselves to the case that 
the gauge background is X'^ independent. We also assume that the tangent vector T/^ 
does not depend on X^ . We specify the boundary condition on X^ by the equation 

independent of X^, 



Oa^^Q^ 



(2.3.3.36) 



where 6" is a worldsheet vector with a given orientation to the boundary. In case 
of Dirichlet boundary conditions, 6" is parallel to the boundary (5" = t"). For free 
varying ends (Neumann boundary conditions) 6" is normal to the boundary. In the 
action ( 2.3.3.32| ) does not mix with the other fields. We focus on the X'^ dependent 
part 



S = 5 + 5^9), 



5(9) ^ }_ 
2-K 



<fzdaX^d''X^ + 



M 



dM 



(2.3.3.37) 

dt [A^dtX^ + FganX^)) ,(2.3.3.38) 



fixed boundary condition on a variation means that this variation depends on the boundary 
values of variations of other fields (or is ze ro) . In particular, if we do not vary the other directions we 
can replace "fixed" by "zero" in (2.3.3.33). 
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where S stands for the independent part. The action is invariant under constant 
shifts in X^. We transform this into a local symmetry by the replacement 

daX^ DaX^ = daX^ + Q^, (2.3.3.39) 

where Qa is the isometry gauge field. (We use this terminology in order to avoid 
confusion with the open string excitation mode A^.) The isometry gauge field 
transforms under local shifts in X^ such that D^X^ is invariant. We introduce a bulk 
Lagrange multiplier A in order to constrain the fi-field strength^ 

/ = e'^I'd^^p (2.3.3.40) 

to vanish. Further, we add a second boundary Lagrange multiplier k whose task is to 
fix the boundary condition of Oq. Taking into account the Lagrange multipliers, the 
gauged action reads0 

+ ^ [ dt {AgdtX^ + VgdnX^) 
JdM 

+ — / dt {Agta + VgUa + + 2At„) 0", (2.3.3.41) 

2vr JdM 

where for later convenience we have performed partial integrations such that no deriva- 
tive of JIq, appears in the action. The worldsheet vector t^ denotes the tangent vector 
to the boundary. The T-dual model will be obtained by integrating out 0,^- The 
T-dual coordinate will be A. Its boundary conditions are going to be fixed by the 
integration over k. Before going through the steps of this prescription, let us verify 
that the gauged action is equivalent to the ungauged one. Integration over A leads to 

0^ = dap, (2.3.3.42) 

where p is an arbitrary worldsheet scalar. Integrating out k leads to the boundary 
condition 

b'^dap = 0. (2.3.3.43) 

Because neither the background (nor 5"^) depend on X^, the scalar p can be absorbed 

completely into a redefinition of X^ without spoiling the boundary condition ( |2.3.3.36 ). 

(In addition p needs to live on a circle with radius equals the compactification radius. 

^'^In two dimensions we can hodge dualize the two form field strength to a scalar /. 
As before we write the case of D and N boundary conditions into one formula. Recall that Ag — 
and ba = for D boundary conditions, and Vg = and be = Ua for N boundary conditions. 
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This issue has been addressed in |]T5|. The discussion given there leads to the obser- 
vation that A hves on a circle with inverted radius.) Hence, the gauged and ungauged 
models are equivalent. 

In order to construct the T-dual model we first integrate out fi^. Because the 
action ( |2.3.3.4l| ) does not contain any derivatives of 17^ (it is ultra local with respect 
to the isometry gauge field), the functional integral over $7^ factorises into a bulk 
integral and a boundary integral 

j -DQMudM (•••) = j T^^M {■■■)>< j 'D^dM (•••)• (2.3.3.44) 

Integrating out Q. in the bulk leads to the ungauged bulk action with X'^ replaced by 
A. This is exactly as in the closed string computation (up to a boundary term) 

Sfulk = hjj^'^^^ (a,Aa°A + 2e"^d^XdpX^) (2.3.3.45) 

= ^ f (fzdc,Xd''X+ [ dt2\dtX^, (2.3.3.46) 
27r Jm JdM 

where in the second line we have used Stokes theorem. 



The additional ingredient comes from the second factor in (2.3.3.44). This gives a 
two dimensional delta function 



/ 



Pnaxe-'^3'""f'=''-S^ ~ 5^ {Agt^ + VgUa + Kba + 2iXta) ■ (2.3.3.47) 



Let us evaluate this delta function for the two cases: X^ has Dirichlet boundary 
conditions {ba = to) or Neumann conditions {ha = ria)- In the first case, the evaluation 
of the delta function fixes k in terms of A and sets Vg = 0. This means that A has free 
varying ends, i.e. Neumann boundary conditions. Taking into account the boundary 



term in (|2.3.3.46D we obtain that the dual U{1) gauge field is determined by the 



position of the original D-brane, 

Ax = -2X^\9M- (2.3.3.48) 

Recall that the original Dirichlet boundary condition may depend on the other direc- 
tions, i.e. the rhs of ( |2.3.3.48| ) is some fixed function. 

If X^ satisfies Neumann conditions, the evaluation of the delta function leads to 
K = and the Dirichlet boundary condition 

\dM = (2.3.3.49) 

In the T-dual string theory there is a D-brane located in along the curve ^ (note 
that ^9 may depend on the coordinates different from x^). Note also that plugging 
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the boundary condition ( |2.3.3.49| ) into ( p. 3. 3. 46 ) cancels the original Ag coupling to 
the boundary. 

To summarize, we have seen that T-duality interchanges Dirichlet with Neumann 
boundary conditions. The position of the D-brane is interchanged with the U{1) 
gauge field component in the T-dualized directions. Starting with Neumann boundary 
conditions it is easy to see that gauge transformations do not change the sigma model 
for the string, i.e. the field equations of the string excitations do not depend on gauge 
transformations. Via T-duality this translates to changes of the position of a D-brane, 
in particular constant shifts are moduli of the theory. From the above expressions it 
is also clear that performing the T-duality twice will result in the original theory. 

With these considerations we can go back to the effective action ( 2.3.3.20| ) and 



generalize it to non space filling branes. This is done by simply replacing the 
components where fi labels a Dirichlet direction by scalars. These scalars are the 
collective coordinates of the lower dimensional D-brane. One can also parameterize 
the worldvolume of the D-brane by an arbitrary set of parameters. In this case one 
needs to replace bulk fields by the induced quantities. The effective D-brane action 
for lower dimensional D-branes can be also computed in the sigma model approach 
directly. This has been done in | ]315| ]. 

Finally, let us comment briefly on the case of multiple branes. We start with 
Neumann boundary conditions. The gauge field Ag is now a matrix. Suppose that 
this matrix is diagonal. In this case the above discussion is valid if we just replace Ag 
by a diagonal matrix everywhere. In the T-dual theory, the position of the D-brane is 
a diagonal matrix. The interpretation is that each entry corresponds to the position 
of a single D-brane. The matrix describes a set of D-branes. The more general case of 



non-diagonal gauge fields is rather complicated. It is addressed e.g. in |143| , |140| , |141 |. 



2.3.3.3 RR fields 

So far, we have discussed D-brane effective actions only for trivial RR backgrounds. 
The reason was mainly of technical origin. It is rather complicated to describe non- 
trivial RR backgrounds in a sigma model approach. Later in section |4.3| , we will use 
such a description for a particular background. Now, we will not discuss the RR 



background in a sigma model. Instead we will use our computation of section 2.3.2 
and field theoretic arguments. 



In section p. 3. 2 we have seen that the Dp-brane carries RR charge with respect 



to a p -|- 1 form RR gauge potential of type II theories. In section |2.3.3.1| we argued 
that the interaction of D-branes via closed strings is obtained by adding the effective 
D-brane action to the effective type II action (IIA for even p, and IIB for odd p). 
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Combining these two observations, we infer that the effective D-brane action contains 
an additional piece 

Si = Sdbi + ^ {iTT^a')^ J dP+'xAi,,„,p+i, (2.3.3.50) 

where we assume that the D-brane worldvolume extends along the first p + 1 dimen- 
sions. (In general, the D-brane can be parameterized by a set of p + 1 parameters. In 
this case, the D-brane action is written in terms of induced fields.) We have abbrevi- 
ated the action ( ^. 3.3.20] ) with Sdbi- Further, we used the result ( |2.3.2.3ll ) to fix the 
coefficient in front of the RR coupling. 

The label in Si has been introduced because now we will argue that there are 
further couplings to RR fields. These occur if another a D-brane lies within the 
worldvolume of the considered D-brane, or a D-brane intersects the considered D- 
brane. In such a case there will be strings starting and ending on different D-branes. 
They give rise to massless fields transforming in the fundamental representation of 
the gauge group living on the considered D-brane. Under certain circumstances there 
may be chiral fermions leading to potential gauge anomalies. Such anomalies can be 
canceled by assigning anomalous gauge transformations to certain bulk RR fields and 
adding an interaction term to the effective D-brane action. This procedure has been 
carried out in detail in|218, 145]. Here, we just briefly give the result. 



In cases that there is an anomaly, this anomaly can be canceled by adding a Chern- 
Simons term to the D-brane action 

S = Si + Scs, (2.3.3.51) 

with (for N coincident D-branes - for > 1 also the DBI action needs to be modified 
as discussed in the end of section 2.3.3. 1| ) 



Scs= C A (tre^^ ^A{R). (2.3.3.52) 

The way of writing the Chern-Simons term needs explanation. The integral is taken 
over the worldvolume of the Dp-brane which is denoted by Bp. The integral is a 
formal expression in differential forms. It is understood that only p + 1 forms out of 
this expression are kept. 

The first form C is an RR q + 1 form where q is the spatial dimension of the surface 
in which the two D-branes (or sets of D-branes) overlap. The last term contains the 
so called A-roof genus. This is a polynomial in the curvature two-form (for an explicit 
definition see e.g. pl8| ]). In addition to adding Scs to the D-brane action the RR form 
C receives a contribution under gauge transformations. This comes about as follows. 
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The definition of the RR field strength receives a correction (the correction is related 
to a Chern-Simons form whose explicit form is not needed here) 

H = dC + correction (2.3.3.53) 

such that 



dH = 2715 {Bp Mio)TrAre^y^(i?), (2.3.3.54) 
where the delta function means that this correction is supported on the worldvolume 



of the D-brane, only. Even though the right hand side of (2.3.3.54) is gauge invariant, 
C has to change under gauge transformations in order to ensure that H is invariant. 
The construction is such that the change of Scs under gauge transformations cancels 
the anomaly. 

2.3.3.4 Noncommutative geometry 

It is interesting to observe that the D-brane action can be expressed as a noncommu- 
tative gauge theory. Here, noncommutative must not be confused with non Abelian. 
It does not refer to the gauge group but to a property of space. Before sketching the 
connection to string theory, we will briefly give some basic ingredients of noncommu- 
tative field theory. In difference to commutative field theory it is assumed that the 
coordinates of M" do not commute (we indicate this by putting a hat on the coordinate) 

[x\x^]=ie'^, (2.3.3.55) 

where we restrict to the case that 6^^ are c-numbers. Because of the non commuting 
coordinates one has to specify the ordering in say complex functions. For our purpose 
the Weyl ordering is appropriate. The Weyl ordering is constructed as follows. The 
starting point is the pair of the function and its Fourier transform in commutative 
space (first with commuting coordinates) 

(j) (x) = [ d^k e'^''4) (k) . (2.3.3.56) 

(27r)2 J 

The Weyl ordered functions are defined by replacing the commuting coordinates 
with the non commuting ones in ( |2.3.3.56 ) (but keeping k as a commutative inte- 
gration variable), 

(x) = -^-^ [ d'^k e'''^4> (k) . (2.3.3.57) 
(27r)2 J 
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A natural prescription to multiply two Weyl ordered functions is 



(2.3.3.58) 



Multiplying the two exponentials on the rhs of ( 2.3.3.58 ) using the BCH formula and 
afterwards dropping the hat on the coordinates leads to a natural way to deform the 
algebra of ordinary functions (0: commuting ]R„ C) by replacing the ordinary 
product by the Moyal product 

jfjij _9 9_ 

(</. * V') (x) = e ^^'^y'<p{x)^{y)\^^y. (2.3.3.59) 

This deformed algebra is noncommutative but still associative. In the limit 6"^^ ^ it 
becomes the familiar commuting algebra (ordinary multiplication in C). 

Noncommutative field theories - as we will meet them on D-branes- are roughly 
obtained as follows. One takes the ordinary action for the field theory and replaces 
products of fields by the Moyal product ( 2.3.3.59| ). (This is only a very rough prescrip- 



tion since for example any "zero" can be expressed as the commutator with respect to 
the ordinary product which becomes something non-trivial after the deformation. An 
additional principle is for example given by the requirement that the deformed action 
should posses the same (but possibly deformed) symmetries as the commutative one.) 

Our starting point for connecting D-branes to noncommutative field theory is a 
slightly rescaled version of the non linear sigma model ( p.3.3.2Dp^ 

S = j (fz (CijdaX'd'^X^ - liria'Bijc'^'^daX'dfsX^^ . (2.3.3.60) 

A possible U{1) gauge background could be absorbed into Bij by use of Stoke's the- 
orem. However, we will restrict first to the case that Bij is constant, and add a U{1) 
gauge field coupling to the boundary later. Note also that Bij has now mass dimension 
two - the canonical dimension of a gauge field strength. We consider the case that 
all coordinates X* have Neumann boundary conditions (coordinates with Dirichlet 
boundary conditions do not play a role here and may be added as spectators). The 
propagator for the X* can be easily obtained from the expressions (|2.3.3.11| ). The 
The index i instead of /j, indicates here that we focus on space like target space dimensions. The 



53 



rescalings of fields have been done mainly in order to achieve agreement with the literature|418| 
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redefined quantities are 



\v ( 1 \^''' ( 1 1 \ ^'^ 

^) = U + 2Wsj5 " U + 2™'i?^G-27ra'sj '(2-3.3.61) 



1 



G-j. = - (27ra') . . , (2.3.3.62) 

= 27ra' 



G + 27ra'5 ) ^ 

In particular the open string ends propagate according to (call 

{X' (r) (r')) = -a' (6-'^ log (r - rf + U'^ e (r - r') , (2.3.3.64) 

where the epsilon function is equal to the sign of its argument, and zero for vanishing 
argument. 

Let us pause for a moment and explain how the last term in ( |2.3.3.64] ) arises. The 
propagator ( |2.3.3.1ll ) contains a term ( a factor of a' appears now in the definition of 
6'^ ( I2.3.3.63D ) 

Qij z — z' 

--log—. (2.3.3.65) 

We take z = t + ia (hoping that this does not cause confusion due to the fact that 
now r and a parameterize the upper half plane whereas they parameterized a strip 
earlier (and will so in later sections)). Ordering with respect to real and imaginary 
part, one obtains for ( p.3.3.65| ) 

2iT {t - + (a + a'f } 

Using the relation 

log z = log l^^l + i arg {z) 
and taking the limit a + a' ^ +0 one obtains 

-'-e^{l-e{T-T')). (2.3.3.67) 

Dropping an irrelevant constant, this yields the last term in (2.3.3.64). 

In the following we will be interested in the a' — > limit (while keeping 9'^^ fixed), 
where the propagator (2.3.3.64) takes the form 

{X' (r) X^ (0)) = ^-e'^e (r) . (2.3.3.68) 
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With this propagator one can compute the following operator product 

. gip,x*(T) .. ^iqiX^iO) . ^ g-|9'^Pi<Jj£(r) . ^ipiX^{T)+iq,X^{0) (2.3.3.69) 

where the normal ordering means that self contractions within the exponentials are 
subtracted. By use of Fourier transformation one can deduce the operator product for 
generic functions 

: (/)(X(r)) :: V(X(0)) : = : a^'Ma^W (X (r)) ^ (X (0)) : . (2.3.3.70) 

In the limit of coincident arguments the operator product can be related to the Moyal 
product 

lim : {X (r)) (X (0)) :=(</> * V) {X (0)) . (2.3.3.71) 
This expression suggests that we are likely to obtain noncommutative field theory if 



we use the limiting procedure on the Ihs of (|2.3.3.7lD as a way to regularize composite 
operators. This regularization technique is known as point splitting. In composite 
operators well defined (normal ordered) parts are taken at different points, and then 
the limit to coinciding points is performed (after adding counterterms if needed). 

In the following we are going to argue that we obtain an effective noncommutative 
theory on the D-brane if we use the point splitting regularization instead of dimensional 
(or Pauli-Villars) regularization. For a trivial worldsheet metric point splitting simply 
means that we cut off short distances by keeping 

\t-t'\>5, (2.3.3.72) 



and take 6 to zero in the end. First, we add the following interaction term to ( 2.3.3.60 ) 

Sint = j drA, {X) drX\ (2.3.3.73) 

Classically this term is invariant under a gauge transformation 

6Ai = diX. (2.3.3.74) 

Now, we are going to observe that whether or not the partition function is invariant 
depends on the regularization prescription. To this end, note that 5Z contains a term 

5Z = -{j drAi {X) drX' ■ j dr'dr'X) + ... . (2.3.3.75) 

Schematically this integral has the form 



dr / dr'dr'f {{X^ (r) X^ (r'))) = / drf ((X* (r) X^ (r'))) 



t'=t-S 

. (2.3.3.76) 

t'=t+5 
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If we treat the divergence at r = r' with dimensional regularization (as we did in 
section p.3.3.1| ) this expression vanishes since it does not matter from which side we 



approach the singularity. (The epsilon function in the propagator is zero at r = r' 
and the logarithms are replaced by the regularized expressions.) 

If, however, we choose the point splitting method ( p. 3. 3. 72]) instead, we obtain 

5Z = - J dT:Ai{X{T))drX'{T)::X{X{T-0))-X{X{T + 0)) 

dr : (Ai * A - A * A,) drX' :+..., (2.3.3.77) 



where in the second step the connection between the operator product and the Moyal 
product ( p.3.3.71 ) has been used. Hence, when using the point-splitting regularization 



(2.3.3.72), the string partition function is not invariant under ordinary gauge trans- 
formations. However, the lack of invariance can be cured by replacing the gauge field 
Ai with a "noncommutative" gauge field Ai with the deformed gauge transformation 

5Ai = diX + i\-kAi-iAii.X. (2.3.3.78) 

Such a transformation is a gauge symmetry in the noncommutative version of {U (1)) 
Yang-Mills theory. The gauge invariant field strength is 

Fij = diAj - djAi - iAi * Aj + iAj -k Ai. (2.3.3.79) 

Indeed, computing the effective action of the open string with the point-splitting 



method, one finds the noncommutative version of the Dirac-Born-Infeld action (2.3.3.20) 
We will not go through the details here, but refer the interested reader to ||41^ ] and 
further references to be given in the end of this review. 

The effective D-brane action was obtained by setting open string beta functions 
to zero. Now, we have seen that the outcome can depend on the way we regularize 
singularities: commutative Dirac-Born-Infeld e.g. for dimensional regularization and 
noncommutative Dirac-Born-Infeld for point-splitting. From quantum field theory it 
is known that beta functions which differ by the way of renormalization should be 
identical up to redefinitions of the couplings. In our example the couplings are Ai in 
the commutative case, and Ai in the noncommutative one. Therefore, there should 
exist a field redefinition relating commutative gauge theory to noncommutative one. 



Indeed, such a field redefinition has been found in [418], it is sometimes called the 
Seiberg-Witten map. 

The connection between D-branes and noncommutative field theory has many in- 
teresting aspects, which we will, however not further discuss in this review. 
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2.4 Orientifold fixed planes 

In this section we will introduce an extended object which is called orientifold fixed 
plane. This is nothing but the orbifold plane of section whenever the corresponding 
discrete target space mapping is combined with a worldsheet parity inversion. (Recall 
that an orbifold fixed plane was defined as an object being invariant under an element 
of a discrete group acting on the target space.) 

At first we will study unoriented closed (type II) strings. These are closed strings 
which can be emitted or absorbed by an orientifold fixed plane. Afterwards we will 
investigate how orientifold fixed planes interact via closed strings. We will learn that 
orientifold fixed planes carry tension and RR charges. In particular, RR charge conser- 
vation implies that orientifold fixed planes cannot exist whenever they possess compact 
transverse dimensions. However, by adding D-branes one can construct models con- 
taining orientifold planes with transverse compact dimensions. Such constructions 
are known as orientifold compactifications. We will present the type I theory and an 
orientifold analogon of the K3 orbifold discussed in section p. 2. 2 . (Type I theory is 



actually not a compactification. Here, the orientifold planes are space filling and do 
not have transverse dimensions. However, the construction falls into the same category 
as orientifold compactifications.) 

2.4.1 Unoriented closed strings 

Recall the mode expansions for type II strings (now with < o" < 2it). The general 
solution to the equation of motion for the bosons is 

X>^ = X^^{a-)+X'^{a+), (2.4.1.1) 

with 

J _ Ix^" + -jfa+ + -S"-a^te~^'"'^ . (2.4.1.3) 

i 2 2^ 2 ^ n " ^ ' 



X't 

^ 2 T '2. 



The mode expansions for the worldsheet fermions are 

i)^ = J^d^e"^'^'"", (2.4.1.4) 

r+ = Y.<^~'^^^^ (2.4.1.5) 
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in the R sectors, and 

= 6^6-*^'^", (2.4.1.6) 

= 5^e-*""^ (2.4.1.7) 

in the NS sectors. 

We define an operator 17 which changes the orientation of the worldsheet. For the 
closed string the action of 0, is 

n -. -a. (2.4.1.8) 

For left handed fermionic modes, we introduce an additional sign such that the product 
of a left with a right handed fermionic mode is J7 invariant (recall that fermionic modes 
from the left moving sector anti-commute with fermionic modes from the right moving 
sector). In formulae, this means 

1 J (2.4.1.9) 

From this we see that is a symmetry in type IIB theory - the only closed superstring 
which is left-right symmetric. (Note that the GSO projection operator ( ^.1.2.59| ) in 
the R sector contains an even number of do's- Hence, the sign in the transformation 
(|2.4.1.9|) cancels out and e.g. Pqso is interchanged with Pq^q-) 

Let us study the action of on the massless sector of type IIB excitations. We 
take the vacuum to be invariant under worldsheet parity reversal. The massless NSNS 
sector states are (in light cone gauge) 

bl^P 1 \k) (2.4.1.10) 

2 2 

The action of on this state interchanges the indices i and j. Thus the states surviv- 
ing an fl projection are symmetric in i,j - these are the graviton Gij and the dilaton 
<I>. Since J7 relates the NSR with the RNS sector only invariant superpositions are 
kept. Thus we obtain only one gravitino (56 components) and one dilatino (8 compo- 
nents). Half of the target space supersymmetry is broken by the $7 projection. The 
massless states in the RR sector are obtained from the tensor product of the left with 
the right moving R vacuum. The R vacua are target space spinor components and 
Q interchanges the left with the right moving vacuum. Because spinor components 
anti-commute the antisymmetrized tensor product survives the Q projection. This is 
the 28 dimensional 5*0(8) representation - the antisymmetric tensor i?-^. We obtain 
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the field content of tlie lieterotic string without the internal fermions . As we stated 
before, a theory with such a massless spectrum suffers from gravitational anomalies. In 
the heterotic theory we actually needed 32 worldsheet fermions A;^ whose quantization 
provided exactly the gauge multiplets needed to obtain an anomaly free massless spec- 
trum. Later we will see that one needs to add D-9-branes to the unoriented type IIB 
theory, for consistency. Before going into that let us study for a while the unoriented 
closed stringtheory - even though it is not consistent yet. 

The theory of unoriented type IIB strings contains orientifold-nine-planes - or short 
0-9-planes. An 0-plane is a set of target space points which is fixed under an element 
of a discrete group which contains (the element must contain Because il. alone 
does not act on the target space geometry the full target space is fixed under Q. The 
fixed set of points is space filling ~ it is an 0-9-plane. 

We have seen that when we compactify the type IIB string on a circle and perform 
a T-duality we obtain type II A theory compactified on a circle with inverted radius. 
Let us study what happens to the 0-9-planes in this process. Formally, we have the 
expression [X^ stands for the bosonic string coordinate) 

nX^n-^ T-DUALITY ^^^_1^^9^_1 (^rj^^rj^-ly^ _ (2.4.L11) 

We want to know the T-dual of Q which is denoted by T^IT^^. This can be computed 
as follows. We first perform a T-duality, then act with on the T-dual coordinate, 
and finally T-dualize back. These steps are collected in the following diagram (we use 
(I2.L5.31I ) for T-duality) 



Xl + X^^^Xl-X^^^X^-Xl^ -Xl - Xl (2.4.1.12) 

Thus we see that TQ,T~'^ refiects the dimension in which T acts, and also interchanges 
left with right movers (the second statement can be easily verified by drawing the 

9 



diagram ( 2.4.1.12 ) for the left or right moving piece alone). Thus, for T-duality in X 



direction we can write 



where Rg is the Z2 element 



TQT-^ = Ren, (2.4.1.13) 



Rg : X^ -X^. (2.4.1.14) 

The action on the worldsheet fermions can be studied likewise. Now we go to the 
decompactification limit on the type IIA side. Instead of an 0-9-plane we have an 
0-8-plane, because now only points with X^ = are fixed under the action of QRg. 
Repeating this argumentations for more than one T-dualized circle we conclude that 
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Figure 2.12: The superposition of two strings with opposite orientation can be viewed 
as a crosscap. The crosscap is a circle with diagonally opposite points being identified. 

we have 0-p-planes with even (odd) p in type IIA (B) theory. For an 0-p-plane with 
even p, comes combined with a Z2 operator reflecting an odd number of dimensions. 
In particular, this combination interchanges e.g. Pq^q with Pq^q, i-e. it is indeed a 
symmetry of type IIA strings. The closed string is unoriented only when it is located 
on an O-plane. A string off the O-plane is oriented. Its counterpart with the opposite 
orientation is the Rg image of the string. 

2.4.2 O-plane interactions 

An O-plane is defined as an object where closed strings become unoriented when they 
hit it. Topologically this can be depicted by a crosscap as illustrated in figure 



The opposite process is a crosscap decaying into a pair of strings with different 
orientations. Only one string out of this pair is physical - the other one is the i^R 
image, where R now stands for a target space mapping leaving the O-plane fixed. Thus 
0-planes can emit or absorb oriented strings. They possibly interact via the exchange 
of closed oriented strings. This indicates that there is an interaction among 0-planes 
and between D-branes and 0-planes. We are going to study these interactions in the 
following two subsections. 

2.4.2.1 O-plane/O-plane interaction, or the Klein bottle 



In figure 2.13 we have drawn a process in which two 0-planes interact via the exchange 
of closed strings. We restrict to the special case that the orientifold group element ^IR 
squares to one. (Combining orbifold compactifications with orientifolds, one can have 
the more general situation that the orientifold group elements square to a nontrivial 
orbifold group element. This has to be the same for the two 0-planes. Then a twisted 
sector closed string is exchanged.) 

In the following we are going to compute this process. As in the D-brane compu- 
tation, we take the 0-planes to be parallel. The range for the worldsheet coordinates 
is 

0<cj<27r, 0<r< 2ttI. (2.4.2.1) 
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Figure 2.13: O-plane Oj and O-plane O^ talking to each other by exchanging a closed 
string. 



Figure 2.14: The triangulated version of fig. 2.13 on the left. By manipulations 
preserving the topology this can be mapped onto the triangulated version of a Klein 
bottle on the right. 



Like in section 2.3.2 we want to perform the computation in the scheme where the 
role of r and a are interchanged - i.e. in the worldsheet dual channel. In this dual 
channel, a virtual pair of closed strings pops out of the vacuum - one of the strings 
changes its orientation before they rejoin. Therefore, this is called the loop channel. 
Before performing the transformation to the loop channel, we need to describe the tree 



channel process fig. |2.13| such that it is periodic in time. The method of doing so differs 
slightly from the D-brane/D-brane interaction. It is best explained by looking at the 
triangulated version of picture 2.12 and its double cover which is a torus. We draw this 



in figure 2.14. In the left picture, the shaded region is the triangulated version of figure 



2.13. The half-circles indicate the identifications of the crosscaps. The white region 
shows our intention to obtain a description which is periodic in r, with a period Anl. 
Now, one cuts the shaded part along the dotted line (with the indicated orientation), 
and flips the upper rectangle once around its right vertical edge and afterwards shifts 
it down in the vertical direction. We obtain a process which is indeed periodic in r, 
and now r G [0,47r/). (This periodicity appears due to the crosscap identiflcations 
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indicated by the left half circles. The crosscap identifications for the other O-plane 
ensure that one can glue the upper rectangle to the lower one after the flip and the 
shift.) It is difficult to describe this process as a tree channel closed string exchange. 
Instead we can interchange the roles of a and r. Then the interpretation is that a pair 
of closed strings of length A-kI pops out of the vacuum, one of the closed strings changes 
its orientation before they annihilate after a worldsheet time vr. This is a vacuum loop 
amplitude which has the topology of the Klein bottle. The parameter range is 

< cr < 47r/ , < r < vr. (2.4.2.2) 



As in the D-brane case (section |2.3.2 ) we want to rescale the dualized worldsheet 



coordinates such that their ranges are the canonical ones, which (now for the closed 
string) are 

0<cr<27r,0<r< 27ri. (2.4.2.3) 
This can be achieved by the redefinitions 

r^r2t,a^^. (2.4.2.4) 
For the Hamiltonian this induces a rescaling 

H^2l{2tfH. (2.4.2.5) 



Analogous to the annulus discussion in section 2.3.2 we require that the action of the 
rescaling on the time evolution operator is 

e-^H ^ e"™. (2.4.2.6) 

This yields a relation between / and t 

It = \. (2.4.2.7) 

4 

Periodic boundary conditions on fermions along the vertical axis of the Ihs of figure 



2.14 correspond to a {—Y = {—)^ insertion whenever the vertical axis is identified 



with the worldsheet time on the rhs of figure 2.14. Only closed strings for which the 
rightmoving (— )^ eigenvalue equals the leftmoving one contribute to the Klein bottle 
amplitude. (In the R sector an additional sign may occur depending on whether we 
are looking at type II A or IIB strings. This does not matter here since the R-sector 
contributions with a (— )^ insertion vanish anyway.) 

Since the connection between tree level periodicities and loop channel insertions is 
a bit less obvious than in the D-brane/D-brane interaction, let us explain it in some 
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detail here. We take the parameter range ( |2.4.2.3 ). We are interested in the behavior 



of worldsheet fermions under shifts in r by Ant. Periodic behavior corresponds to tree 



level RR exchange whereas anti-periodicity translates to NSNS exchange. Fig. 2.14 
tells us how to continue in r beyond 27rt 

ip^ (r + Ant, a) = (-)^+^ V± {r + 27ri, 27r - a) , (2.4.2.8) 

where the {—)^~^^ reflects the boundary condition on worldsheet fermions under 27rt 
shifts in r. However, in the Klein bottle amplitude only states with (— )^ = (— )^ 
contribute because of an 17 insertion in the trace over states. Therefore, the additional 
factor in ( 2.4.2.8| ) is not relevant. Now, the 2nt shift in r can be replaced by acting 



with the trace insertion {—)^Q. The (— )^ insertion just cancels a sign included in 
the definition of the trace over fermions for the right movers. By the same token we 
have to insert a (— )^ for the left movers. Thus we obtain 

xp^ (r + Ant, a) = {-f Qip'^ (r, 2tt - a) Q'^ = i/j'^ (r, a) , (2.4.2.9) 

where in the last step we used our definition for Q ( p.4.1.9| ) and the 2tt periodicity in 
a. Thus the (— )^ insertion in the loop channel filters out the RR tree level exchange, 
indeed. Strictly speaking the above consideration is correct only when the fermions 
point in directions longitudinal to the O-plane (where the Z2 reflection R acts as the 
identity). For the other directions there are two signs canceling each other and leading 



to the same result. At first, there is an additional minus sign in (2.4.2.8|) because the 



half-circles in fig. 2.14 now contain also the (non-trivial) action of the Z2 reflection R. 



This sign is canceled when we replace Q by ftR in ( 2.4.2.9 ). 

We want to filter out the contribution due to RR exchange in the tree channel. 
Then, the loop channel vacuum amplitude is given by the following expression 



/ 



^ Str ( Oi?^e-2™'*^ 
2t \ 2 



[ ^trzEHo (Me-2™'*^")trBosoNs(^^i2e-2-<^-+^-)) 

J 2t MODES \ / \ / 



tr NSNS mi?^^e"2^*(^^s+^f^s) I . (2.4.2.10) 

FERMIONS \ 2 / 

Here, we split the Hamiltonian into right and left moving parts H + H and these in 
turn into 



a'H = a Ho + Hb + H^s 



(2.4.2.11) 
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Ho = ^ (2.4.2.12) 

8 / oo 

= E (2.4.2.13) 

i=l \n=l 



oo 




= Y.'-^-rK-j^], (2.4.2.14) 

and the corresponding expressions for the left moving sector. The Oi? insertion 
projects out contributions of states with zero mode momenta perpendicular to the 
0-planes, since those states are mapped onto states with the negative momentum 
in the perpendicular direction by the Oi? insertion. The result for the zero mode 
contribution reads 

tr ZERO = 2V„+i [ -^^—-^ e~2™'*^ = 2 • 2^K+i (Sa'vr^t)"^ . (2.4.2.15) 

MODES J (27r) 

Also here there is an additional factor of two, due to the possible orientations of the 
closed string. (The trace is taken over oriented strings with an J7 insertion. Another 



point of view would be that one needs to add to the picture on the rhs of figure 2.14 a 
picture with reversed orientations on the horizontal edges.) For the traces over excited 
states we note that the insertion VtR in the trace means that only states contribute 
which are eigenstates of ^R. This means that the left moving excitations have to be 
identical to the right moving ones. Thus, it is straightforward to modify the calculation 



treosoNs (Me-^-*(^^+^^) ) = (2.4.2.16) 



presented in section 2.3.2 by just changing the power of the arguments in the functions 
2.3.2.201 by two (since the identical left and right moving contributions add) . We obtain 

1 

for the trace over the bosonic excitations, and 

tr NSNs 1 MH:^e-2-*(^'vs+^/ivs) ) = _1 j8 / -2.n (2.4.2.17) 

FERMIONS \ 2 12 



Thus we obtain 



2 J 2t ^ ' /« 

^^From our treatment in section ^.1.2.1 we would get a factor of q'8/2 = 2 instead of q'4/2 = 1 in 
the oscillator contributions. Recall, however, that we have changed the a range from [0,7r) to [0, 27r), 
meanwhile. We have distributed the zero mode contribution symmetrically on H and H. Taking into 
account the effect of rescaling, this gives the factor of 1/4. 
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Now we undo the worldsheet duality by expressing t in terms of / (2.4.2.7). We use 



the transformation properties ( 2.3.2.22 ) and take the hmit / ^ oo in which the con- 



tribution of massless closed string excitations dominates. This leads to the expression 

-- / dl2P+^Vp+i{4a'TT^y'^ l"^. (2.4.2.19) 

We see that the result has almost the same structure as the one we obtained for the 
D-brane/D-brane interaction in table [2?7| . (Recall that now, we separated out the RR 
sector exchange.) The differences are that we do not have the exponential dependence 
on the distance and that we do have an additional factor of 2^"^^. The explanation for 
the missing exponent is very simple. Since the orientifold planes are all located at a 
fixed point of the Z2 action R, they cannot be separated in target space. (However, 
we could for example compactify the dimensions transverse to the brane. In that case 
winding modes would play the role of the distance.) 

Before we can deduce the ratio of the O-plane RR to the D-brane RR charge, we 
need to discuss a subtlety appearing because we have modded out reflections in the 
transverse directions. This has the effect that each transverse direction is "half as 
long" as in the D-brane computation. The implications of this effect are best seen 
in a field theory consideration. The field theory result gives a "Coulomb potential" 
which is of the structure charge-squared times density. (The density appears as the 
inverse of a second order differential operator.) The charge is obtained as an integral 
over the transverse space (analogous to Q = f Sxj^ in electro-dynamics). In the 
O-plane case this gives a factor of a half per transverse direction as compared to the 
D-brane/D-brane interaction. On the other hand the density is multiplied by a factor 
of two per transverse direction. Hence, the overall net-effect of this transformations is 
an additional factor of 2^~^ which we need to put by hand into the 0-plane/O-plane 
result, before we can compare it with the D-brane/D-brane calculation.^ Taking this 
into account, the ratio of the D-p-brane RR charge fip to the 0-p-plane RR charge 

= t2P-Vp- (2.4.2.20) 

We cannot fix the sign by the present calculation since the charges enter quadratically 
the expressions we derived so far. Computing also the contributions without the (— )^ 
insertions to the Klein bottle, one obtains the square of the O-plane tension. Here, we 
infer the result by supersymmetry instead. Since the Q.R projection leaves half of the 



^^If we performed a detailed field theory calculation we would find this factor due to the different 
target spaces (as argued in the text). Later, we will compactify the transverse dimensions. Then this 
factor will appear "automatically" due to a Poisson resummation of the sum over the winding modes. 
This must be the case since in the compactified theory D-branes and O-Planes will have the same 
transverse space. 
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Figure 2.15: D-brane Dj and O-plane Oj talking to each other via the exchange of 
closed strings. 



super symmetries unbroken, the total one loop amplitude should vanish. This tells us 
that the ratio of the D-brane tension Tp to the O-plane tension Tp is 



T' 

p 



(2.4.2.21) 



where at the present stage of the calculation the sign is not known. In order to fix the 
signs in ( p.4.2.20| ) and (2.4.2.21) we need to study the interaction between D-branes 
and 0-planes. We will do so in the next subsection. 



2.4.2.2 D-brane/O-plane interaction, or the Mobius strip 

So far, we have seen that D-branes as well as 0-planes interact via the exchange of 
closed type II strings. This suggests that also D-branes interact with 0-planes. Such 



a process is depicted in figure 2.15. We consider the case of parallel D-branes and O- 



planes. This implies that the D-brane is located in directions where the Z2 reflection 
acts with a sign and extended along the other directions. 
Again, the range for the worldsheet coordinates is 



< cr < 27r 



< T < 2itI. 



(2.4.2.22) 



In order to understand how to perform the worldsheet duality transformation it is 
useful to study the triangulated version of the diagram 2.15| . The result of this in- 
vestigation is drawn in figure 2.16| . The right picture is obtained by cutting the left 
one along the dashed line flipping the upper rectangular around its right edge and 
afterwards shifting it down. Looking at the left picture with time passing along the 
vertical axis we see a process in which a pair of open strings pops out of the vacuum. 
Both ends of the strings are in the world volume of the brane Dj. As time goes by one 
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Figure 2.16: The triangulated version of fig. 2.15 on the left. By manipulations pre- 
serving the topology this is mapped onto the triangulated version of a Mobius strip 
on the right. 

of the open strings changes its orientation before they finally annihilate. The topology 
of this diagram is called Mobius strip (or Mobius band). 

The range for the worldsheet coordinates after interchanging the role of time and 
space is 



< a < A-kI , < T < TT, 
whereas the canonical range for the open string parameters is 

0<cj<7r , 0<r< 27rt. 
Hence, we perform the rescaling 

T — > T2t , a 
For the Hamiltonian this induces 

H ^Al {2tf H. 

Finally the time evolution operator should take its canonical form 



a 



This tells us how to relate / and t 



It 



(2.4.2.23) 



(2.4.2.24) 



(2.4.2.25) 



(2.4.2.26) 



(2.4.2.27) 



(2.4.2.28) 



Now, we would like to identify which of the loop channel contributions corresponds 
to an RR exchange in the tree channel. Periodicity under 47rt shifts in r translates to 
RR tree level exchange and anti-periodicity to NSNS tree level exchange. We use fig. 



2.15 to identify 



^'^ (r + int, a) 



tpj^ (r + 27rt, vr — o") 



(2.4.2.29) 
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where the factor of (— )^ appears due to the anti-periodic boundary condition of world- 
sheet fermions under shifts of 27rt in r. Let us study the case where we insert in the loop 
channel trace just Q (possibly combined with some target space Z2 action which we 
will discuss below). Taking into account the sign when a trace is taken over worldsheet 
fermions we obtain 

(r + 47ri, a) = n^/j^ {T,7r - a) 

= ni>^{T,a -7r)n~\ (2.4.2.30) 



where in the second step we have used the mode expansions (|2. 3.1. 22D -( p. 3.1.291) . In 



the open string sector we define the action of as taking a ^ tt — a. This finally 
results in 

V'i (r + 47rt, a) = (r, 2tt - a) 

= V± (^, 0- - 27r) , (2.4.2.31) 

where once again the mode expansion has been used. We deduce that open string R 
sector contributions correspond to closed string RR exchange. (This can also easily 
be seen in the mode expansions (|2.3.1.22| )-( ^.3.1.29| )). The ab ove consideration is 



correct only in NN directions (in directions in which the D-brane extends). For DD 
directions there are a couple of signs which cancel each other such that one gets the 
same result. Since the Z2 reflection R acts with a sign in those directions, the first 
line in ( p.4.2.3d| ) receives an additional minus sign. Looking at the mode expansion 
( |2. 3.1. 22| )-( |2. 3.1.291) in DD directions we observe that this sign is canceled when going 
to the second line in ( ^.4.2.30 ). Because now we need to replace by QR, the first 



line in (2.4.2.31) contains an additional minus sign which again is canceled by using 



the DD mode expansion when going to the second line in ( ^.4.2.31 ) 



In the above consideration we have only specified how acts on the oscillators, 
and not how it acts on the vacuum. (In the closed string we tacitly took the vacuum as 
being invariant under 0, leaving in the NSNS sector the metric invariant and projecting 
out the -B-field.) The computations of the D-brane/D-brane and the 0-plane/O-plane 
interactions provided the absolute values of the corresponding RR charges. The result 
for the D-brane/ O-plane calculation will give the product of the O-plane times the 
D-brane charge. This should be compatible with our previous result. As we will see 
in a moment this leaves the two choices that the i}R eigenvalue of the open string 
R-vacuum is ±1. We will choose the minus sign. This corresponds to a D-brane. The 
action on the NS sector can be inferred by supersymmetry, i.e. it should be such that 
the complete one loop Mobius strip amplitude vanishes. The result is that the massless 
states have eigenvalue minus one. (This holds as well for Neumann directions as for 
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Dirichlet directions, since a sign due to the different mode expansions cancels a sign 
due to the non-trivial action of R in Dirichlet directions.) 

Now, we have collected all the necessary information needed to write down the 
loop channel amplitude which gives the tree channel RR exchange (recall that a (— )^ 
insertion leads to a vanishing R sector trace) 

-tr^Qizie-2™'^ = 
2t 2 

- [ ^tr zEKo (o/?e-2-*'^'^o)treosoNs(^^i?e-2-*^-) 

J It MODES V / ' 

tr R ( M-e"^''*-^^ ) . (2.4.2.32) 

FERMIONS y 2 J 

The expressions for the Hamiltonians can be directly taken from ( |2.3.2.14| )-( [2.3.2.18D 
with the difference that we put y = in ( 2.3.2.15 ) (because of the VlR insertion in 
the trace only D-branes at distance zero from the O-plane contribute). With this 
difference the trace over the zero modes gives (see ( 2.3.2.19] ) 

— XT e"^"*" = 2K+1 (Svr^a't) ^ (2.4.2.33) 

(27r)P+^ V ; ' V J 

From the mode expansion ( p. 3.1.20] ), (|2.3.1.21| ) we learn that 

Ma^l„ {flR)'^ = (-l)"a'l„. (2.4.2.34) 
Modifying the expression ( p.3. 2.231 ) accordingly we obtain 

treosoNs f^iie-2-*^s = e-'^l . \ ^ , . (2.4.2.35) 

/8 (e-i^+i)^ 



The next step is to split the product over integers in the definition of fi ( p.3.2.20|) into 
a product over even times a product over odd numbers. This gives finally 

trBosoNs nRe-'-'^- = ^8 (,-2.t/^8 (,-2.t) ' (2-4.2.36) 

The mode expansion on the fermions ( p.3.1.22D -( ^.3.1.29| ) yields 

M< (flR)-^ = e*™<. (2.4.2.37) 

Manipulations analogous to the bosonic trace give the result (recall that we have 
chosen the QR eigenvalue of the R vacuum to be minus one) 

-tr H, (9^e-'-'"A = fl (e-2-*) /| (e'^-*) , (2.4.2.38) 

FERMIONS \ 2 J \ / \ / 
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where the 16- fold degeneracy of the R vacuum has been taken into account. We are 
interested in the contributions due to tree channel RR exchange and have computed 
now everything we need to obtain the result. However, in order to specify the action 
of fii? on the NS vacuum one needs to compute the tree channel NSNS exchange. The 
requirement that this cancels the RR interaction determines the action of 0,R on the 
open string NS vacuum. We leave this as an exercise. The result is that the massless 
vector is odd under QR. In the computation of the open string NS sector trace it is 
useful to apply the identity ( p. 3. 2. 21 ) on the / functions with the shifted arguments 



and afterwards to proceed as we did above, i.e. to split the product in the definitions 
of the /'s into a product over even and over odd numbers. 
So far, we obtained the result 



Expressing t in terms of I via ( p.4.2.28| ) and using the properties ( 2.3.2.22] ) yields finally 
the tree channel infrared asymptotics 

2-Vp+i [ dl{ATT^a')~'^ 2P-H'^. (2.4.2.40) 

This expression has to be compared with the second line (RR contribution) of table 
and ( |2.4.2.19| ), where (2.4.2.19) has to be multiplied with 2^"^ as discussed earlier. 



(For the Mobius strip we do not need to put such a factor since there is a cancellation 
between the O-plane charge and the density.) In ( ^.4.2.40|) we have pulled out a factor 
of two. If we take the D brane distance y to zero in ( |2.7] ) we can write down the 
cumulative infrared asymptotics for a system consisting out of one D-brane and one 
O-plane (situated at the origin in the transverse space) 



-^p+i (47r2a') ''2' /" (1 -2P-^)^ (2.4.2.41) 



In field theory one obtains a result proportional to (/ip + /U^)^, (recall that is the 
D-brane charge and the O-plane charge) . Thus we obtain finally the ratio between 
D-brane and O-plane RR charges 



= -2P-Vp- (2.4.2.42) 

The Mobius strip computation fixed also the sign of this ratio. However, if we assigned 
an eigenvalue of -|-1 to the open string R vacuum we would obtain an additional 
minus sign in ( 2.4.2.42| ). There is an ambiguity here. In the next section we will use 



our results to construct consistent string theories containing D-branes and 0-planes. 
In this construction this ambiguity cancels out. (In some sense it will turn out that our 
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present choice is the "natural" one.) The ratio of the D-brane tension to the 0-plane 
tension can be inferred by supersymmetry 

= -2P-'^Tp. (2.4.2.43) 
2.4.3 Compactifying the transverse dimensions 

When we are trying to compactify the transverse directions of a D-brane and/or an 
0-plane we immediately run into problems. These arise as follows. The equation of 
motion for the RR field under which the D-p-brane (or the 0-p-plane) is charged reads 
(for otherwise trivial background) 

d*Fp+2 =*jp+i, (2.4.3.1) 

where jp is the external U {\) current indicating the presence of the D-brane (0-plane). 
Integrating this equation over a compact transverse space gives zero for the left hand 
side and the D-branc (0-plane) charge on the right hand side. Therefore, the RR 
charge on the rhs has to vanish. To overcome this problem one may want to add 
D-branes and 0-planes such that the net RR charge is zero. Since one needs more 
than one D-brane in order to achieve a vanishing net RR charge, one has to specify 
how Oi? acts on a set of multiple D-branes. For example it could (and actually will) 
happen that (anti)symmetrises strings starting and ending on different D-branes. 
Technically, we define a (projective) representation of the Z2 (generated by Hi?) on the 
Chan-Paton labels carried by open string in case of multiple D-branes. The generating 
element of this representation is denoted by ^ciR- The action on an open string is 

: ^ {^nR)u' \^R{i^) J'i') {lnR)j'j ■ (2-4.3.2) 

Here, ip denotes the oscillator content of the string on which QR acts in the same way 
as discussed previously. In addition, the order of the Chan-Paton labels is altered due 
to the orientation reversal. Acting twice with Q,R should leave the state invariant. 
This leads to the condition 

= ±7m> (2.4.3.3) 

i.e. jnR is either symmetric or antisymmetric. By a choice of basis this gives the two 
possibilities 



7ni? = / or 7QK= „ ■ (2.4.3.4) 




Let N be the number of D-branes {CIR images are counted). Then I denotes an N x N 

N ^ N 



identity matrix for symmetric jnn and an ^ x ^ identity matrix for antisymmetric 



IQR- 
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The trace in the open string amphtudes (annulus and cylinder) includes also a 
trace over the Chan-Paton labels. For the annulus this is simply 

TV N 

E = E ^i^^n = (2-4.3.5) 

i,j=l i,j=l 

In the Mobius strip amplitude the trace over the Chan-Paton labels yields the addi- 
tional factor 

N 

E {iJ\ miJ) = tr ilnbER) = ±N, (2.4.3.6) 
with the (lower) upper sign for (anti-) symmetric 7nii- 
2.4.3.1 Type I/type 1' strings 

In the following we are going to investigate the case where the compact space is a torus. 
The next issue we need to discuss are zero mode contributions due to windings in 
the compact transverse dimensions. For open strings windings can appear in Dirichlet 
directions. Since flR leaves the winding number of a state invariant these contribute to 
the annulus, the Klein bottle and the Mobius strip. Including the sum over the winding 
numbers into the corresponding traces leads to additional factors. The transverse space 
is a 9 — p-torus: 

T^-P = 5^ X • • ■ X S\ . (2.4.3.7) 

9~p factors 

For simplicity we take the radii of these S^s to be identical and denote them by r. It 
is useful to introduce a dimensionless parameter 

p = 4 (2.4.3.8) 

a 

for the size of the compact space. 

With this ingredients the sum over the winding modes gives the following factors 
(under the ^ integral): 

/ oo \ s-P 

I E e-^''*""' ) for the annulus, (2.4.3.9) 

\ui=— oo / 
/ oo \ 9-P 

Yl e-^^^f^^ j for the Klein bottle, (2.4.3.10) 

\w=—oo / 
/ oo \ 9-P 

Yl e-^^*P^^ for the Mobius strip. (2.4.3.11) 
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In the annulus we have restricted ourselves to the special case that all D-branes are 
situated at the same point. This configuration gives the correct leading infrared contri- 
bution to tree channel amplitude. One can also include distances among the D-branes 
into the computation. In that case the trace over the Chan-Paton labels cannot be 
directly taken as in (12.4.3.51 ) because the zero mode contribution depends on the Chan- 



Paton label. Taking the infrared limit in the tree channel removes this dependence 
on the Chan-Paton labels and gives the same result as our slightly simplified compu- 
tation.0 Now, we express t in terms of I using ( p.3.2.8| ), (|2.4.2.7|) and (p.4.2.28|) and 
apply the Poisson resummation formula 



oo , oo 

„2 



e-^^-^ =V^ Yl e-™^ (2.4.3.12) 



-oo s=—oo 



We obtain 




9-p 

9—p p—9 I ^ — > ttIw^ \ 

Z 2 p 2 \ e p \ for the annulus, (2.4.3.13) 



l — p—2^-f{ } e ~^ ] for the Klein bottle, (2.4.3.14) 



9 — p p — 9 r\ I V ^ -^n 1 

/— p— 2^-^ 2^ e p for the Mobius strip. (2.4.3.15) 

\u;=— oo / 

In the IR limit I — > oo the sums become a factor of one. The common p dependent 
factor is a dimensionless quantity representing the volume of the transverse space 
(sometimes denoted by fg-p). In the Klein bottle as well as in the Mobius strip 
there is an additional factor of 2^"^. In the Mobius strip this is simply the number 
of 0-planes. (The number of R-fixed points is two per S^.) Since the Klein bottle 
amplitude is proportional to the square of the total 0-plane charge we would expect 
another factor of 2^~p here. However, this is "canceled" by the correction factor we 



put earlier in by hand. As promised in footnote 55 this factor appeared automatically 
after we compactified the transverse dimensions. This is good because now we would 
miss the argument for putting it in by hand. 



Together with our previous results table (|2.4.2.19D and ( ^.4.2.40^ we obtain 



for the infrared limit of the total (tree level RR channel) amplitude 

-- (4aV)"^ Vp+ip^ [ dl (iV^ + ^ 2Ar32) , (2.4.3.16) 

2 J«-*oo 



where the =F sign is correlated with the it sign in (2.4.3.3). We observe that the contri- 



butions of the D-brane/D-brane, 0-plane/O-plane and D-brane/O-plane interaction 
^®In the limit / — > oo the distance dependent exponential function in table |2.7| becomes one. 
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add up to a complete square, proportional to 

(32 ^A^)^ (2.4.3.17) 

For consistency the total RR charge has to vanish. Thus, we are lead to the conditions 

= 7^ (2.4.3.18) 

and 

N = 32. (2.4.3.19) 

Note that the condition ( p. 4. 3.181) is related to our choice that the eigenvalue of 
the R vacuum (in the open string sector) is minus one. Since ( |2.4.3.18 ) implies that 
we can choose a basis such that 

lUR = I, (2.4.3.20) 

our choice of the Qi? eigenvalue of the R vacuum seems natural. The case p = 9 
can be obtained from our previous considerations in two ways. The simplest is to set 
p = 9 in ( |2.4.3.16 ). Requiring this expression to vanish yields equations (2.4.3.18) 



and ( p. 4.3. 17 ) independent of An alternative way is to perform T-dualities with 
respect to all compact directions and to take the decompactification limit in the T-dual 
model. Both methods lead to the same results. The massless closed string spectrum 



has been discussed in section p.4.1| . In the NSNS sector one finds the metric Gij and 



the dilaton <I>. The RR sector provides the antisymmetric tensor B'^j. The ft invariant 
combinations of the NSR with the RNS sector massless states yield the space time 
fermions needed to fill = 1 supermultiplets. 

It remains to study the open string sector. The massless NS sector states are 

V'ii |A;,mn) A™". (2.4.3.21) 

2 

The image of these states is 

-V'ii |fc,mn) (A^)""". (2.4.3.22) 

2 

Hence, the Chan-Paton matrix A must be antisymmetric 

A = -A^. (2.4.3.23) 



The states ( 2.4.3.21 ) are vectors and thus should be interpreted as gauge fields of 



a certain gauge group. In order to identify the gauge group, we require that the 



''Recall that a p-dependence cancels in the product of O-plane charges with the number of 0-planes. 
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# of Q's 


# of Vm's 


massless bosonic spectrum 


type I 


16 


1 


NSNS 




50(32) 






open string 


Al in adjoint of S'0(32) 








RR 





Table 2.8: Consistent string theories in ten dimensions containing open strings. 



state ( 2. 4. 3. 21]) transforms in the adjoint and that gauge transformations preserve 
the condition ( |2.4.3.23 ). Thus the commutator of a generator of the gauge group 
with a 32 X 32 antisymmetric matrix (A) should be a 32 x 32 antisymmetric matrix. 
This consideration determines the gauge group to be SO (32). The R sector provides 
fermions in the adjoint of 50(32). NS and R sector together yield an iV = 1 SO (32) 
vector multiplet. The list of consistent closed string theories in ten dimensions (table 
2.1 ) is supplemented by the ten dimensional theory containing (unoriented) closed 



strings and open strings in table 2.8 



2.4.3.2 Orbifold compactification 

So far, we have studied the consistency conditions implied by a torus compactification 
of the transverse dimension. Since type I theory is a ten dimensional = 1 super- 
symmetric theory, torus compactifications will result in extended supersymmetries in 
lower dimensions (e.g. = 4 in four dimensions). For phenomenological reasons it 
is desirable to obtain less supersymmetry. This can be achieved by taking the trans- 
verse space to be an orbifold. In the following we will add 0-planes and D-branes to 
the orbifold compactification considered in section 2.2.2| . We supplement the Z2 action 
( |2.2.2.1| ) with an Q.R action, where R acts on the target space in the same way as given 
m ( p. 2.2.11) . Hence, our discrete group is generated by R and VLR. The third non-trivial 
element is the product of the two generators: Thus, the theory contains 0-5-planes 
and 0-9-planes. We expect that we need to add D-5-branes and D-9-branes in order to 
preserve RR charge conservation. Before, studying the open strings induced by those 
D-branes let us discuss the untwisted and twisted closed string sector states. We focus 
on the massless part of the spectrum. All the information needed to find the untwisted 
massless states is given in table 2^. In addition to the Z2 symmetry we also need to 
respect the and VlR symmetry. This is done by symmetrization in the NSNS sector 
and antisymmetrization in the RR sector. Thus the untwisted NSNS sector contains 
the metric Gjj, the dilaton <I> and ten scalars. In the RR sector one finds a selfdual 
and an anti-selfdual two form and twelve scalars. The relevant twisted sector states 



are listed in table 2^. Taking into account that there are 16 fixed points we obtain 
48 massless scalars in the twisted NSNS sector, and 16 massless scalars in the twisted 
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RR sector. Adding the fermions in tlie J7 and QR invariant combinations of NSR 
and RNS sector states, one obtains finally a d = 6, = 1 supergravity multiplet, one 
tensor multiplet and 20 hypermultiplets. (We should emphasize again that the present 
review is not self contained as far as the supergravity representations are concerned. 
The reader may view the arrangement of the massless states into multiplets as some 
additional information which is not really employed in the forthcoming discussions. 
In order to obtain a nice overview about supermultiplets in various dimensions we 



recommend 1 399 1 . 



As already mentioned, we need to add D-5- and D-9-branes in order to cancel the 
0-plane RR charges. Thus the Chan-Paton matrix is built out of the following blocks: 
)^i99) corresponding to strings starting and ending on D-9-branes, A*-^^^ corresponding 
to strings starting and ending on D-5-branes, A^^^-* and A*-^^^ corresponding to open 
strings with ND boundary conditions in the compact dimensions. The action of 17 
and QR on the Chan-Paton labels is as described in ( p. 4. 3. 2 ). The 7n and 'Jqr posses 



also a block structure distinguishing between the action on a string end at a D-5- or 
D-9-brane, e.g. 7^ ^ represents the Q action on a Chan-Paton label corresponding to 
an open string end on a D-9-brane. Finally, we specify the representation of the Z2 
element R ( 2.2.2. 1| ) as follows 



R ■■ - hR)u' I^W ,^Y> (7;^'),,, . (2.4.3.24) 

Also, the can be split into two blocks: 7^^^ and 7^^^- The requirement that perform- 
ing twice the same Z2 action should leave the state invariant leads to the conditions 
that every gamma-block containing an Q in the subscript must be either symmetric 
or anti-symmetric, whereas the gamma-blocks without an Q in the subscript must 
square to the identity^. At this point, we need to discuss a subtlety of the five- nine 
sector, i.e. strings with ND boundary conditions along the compact dimensions. In 
that sector the Fock space state (without the Chan-Paton label) has an $7^ and an 
(QR)^ eigenvalue of minus one. Unfortunately, we did not develop the techniques 
needed to show this, in this review. An argument employing an isomorphism between 
the algebra of vertex operators and Fock space states can be found in[204]. Since 0^ 



and (Oi?)^ should leave states invariant, this minus sign needs to be canceled by an 
appropriate action on the Chan-Paton labels. For example a symmetric 7^^^ implies 
an anti-symmetric 7q\ and a symmetric 7^^^^ implies an anti-symmetric 7!^^- 

Let us now study the amplitudes in the loop channel. For strings starting and end- 
ing on D-9-branes there is a tower of Kaluza-Klein momentum modes but no winding 
modes. The D-9-branes are space filling and thus must lie on top of each other. Open 



'We fix a possible phase to one. 
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strings with both ends on a D-5-brane can have winding modes and can be separated 
in the compact directions. (In our previous computation we did not consider this sep- 
aration, because it is not relevant in the tree channel infrared limit. In order to see 
explicitly that the dependence on the distance among D-5-branes drops out, we will 
take it into account, here. We call the component of the position of the ith brane cf.) 
Further, all amplitudes obtain an additional insertion 



1 + R 



(2.4.3.25) 



ensuring that we trace only over states which are invariant under the orbifold group. 
For terms containing an R insertion the D-5-brane must be located at R fixed points, 
since otherwise the states in the (55) sector are not eigenstates under R. For the same 
reason the winding or Kaluza-Klein momentum modes have to vanish in the presence 
of an R insertion. Further, there will be additional signs for oscillators pointing into 
a compact dimension. This modifies the oscillator contribution to the trace in a 
straightforward way. (We leave the details as an exercise.) Taking into account all 



these effects and the discussion in section 2.3.2 one finds for the annulus amplitude A 

'ft 



A 



' 4 



dt 



7i 



(5) 



n 



+4. 



n 



-■Kt\ 




(2.4.3.26) 



where we have formally assigned a gamma with subscript 1 to the action of the identity 
element of the orbifold group on the Chan-Paton labels. The sum over i,j £ 5 means 
that we sum over all Chan-Paton labels belonging to an open string end on a D-5-brane. 
The index 1=1,... ,16 labels the fixed 5-planes, and a corresponding subscript at a 
^(5) indicates that the D-5-brane is located on the Ith fixed plane. 

Next, we want to compute the Klein bottle amplitude /C. It contains the insertions 
Q and QR. In principle, we have to take the trace over untwisted and twisted sector 
states (with the (— )^ insertion). Because half of the RR sector states have the opposite 
(— )^ eigenvalue than the other half, RR sector states do not contribute to the trace 
with a (— )^ insertion. The same applies to RR and NSNS twisted sector states. 
Eigenstates of have zero winding numbers whereas for eigenstates of ilR the Kaluza- 
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Klein momenta are zero. With this ingredients we find 

-3 



4 



dt 




+ 



E 



-ntpw 




(2.4.3.27) 



Finally, for the Mobius strip amplitude Ai we need to trace over R sector states 
with an 17 + insertion. Eigenstates correspond to open strings starting and ending 
on the same brane. According to our earlier assignments, the i}R eigenvalue of the R 
vacuum corresponding to a string ending on a D-5-brane is minus one, and so is the 
O eigenvalue of the R vacuum corresponding to a string ending on D-9-branes. To 
determine the remaining eigenvalues one has to act with R on the Ramond vacuum. 
R can be viewed as a 180° rotation and the R vacua as target space spinors. Hence, 
half of the Ramond vacua have R eigenvalue minus one and the other half plus one. 
For this reason, only D-9-branes contribute to the term with the insertion whereas 
only D-5-branes give a non- vanishing result for the trace containing an QR insertion. 
The result for the Mobius strip is 



M 




(2.4.3.28) 



With the next steps necessary to compute the total RR charge of the system we 
are familiar by now. We replace t = ^ in the annulus, f = ^ in the Klein bottle 
and t = in the Mobius strip. In order to be able to read off the infrared (large /) 
asymptotics we use formulae ( ^.3.2.22 ) and ( p. 4. 3. 12 ). The final result is 



A + )C + M 



1/ d/(4.V 



tnry 



(5) 



32tr 



32tr 



(9) 

7o 



bnf ] + 32 



(5) 



+ 32" 



1 16 

+7E(''7i,"+4tr,gV 

1=1 



(2.4.3.29) 
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The setup respects RR charge conservation if (2.4.3.29) vanishes. Thus, we need 32 
D-9-branes and 32 D-5-branes. (A gamma representing the identity is of course the 
identity matrix.) Further, we take 

tS=(7S)' . lS' = {lS'Y- (2.4.3.30) 
Our previous discussion of the (59) sector imphes 

7S' = -i-,S'y . 7S = -(7S)". P.'>.3.31) 

The remaining representation matrices can be found by imposing that the gammas 
should form a projectiv^^ representation of the orientifold group (Z2 x Z2). We 
simply choose 

7!?^ = iSllS^ (2.4.3.32) 
,P = ,Sl,S'- (2.4.3.33) 

By fixing a basis in the Chan-Paton labels we obtain 

= 7^^^ = (2.4.3.34) 

where the rank of the identity matrix is 32. The antisymmetric form is 

(2.4.3.35) 

with / being a 16 x 16 identity matrix, here. Note that our choice is consistent with 
the requirement that 7^ squares to the identity. So far, we did not take into account 
that the last term in ( p.4.3.29| ) has to vanish. With 7^ being traceless this is ensured. 

We have now all the ingredients needed to determine the open string spectrum. Let 
us first study strings starting and ending on the D-9-branes, or in short the (99) sector. 
We keep states which are invariant under each element of the orientifold group. (The 
D-9-branes are fixed under each element of the orientifold group.) In the NS sector 
we find massless vectors with the Chan-Paton matrix 

Alectl =1 '\ ^, 1 , (2.4.3.36) 





where A denotes a real antisymmetric and otherwise arbitrary 16 x 16 matrix and S 
stands for a real 16 x 16 symmetric matrix. For the scalars in the NS sector one finds 

xiHL = { 1 , (2.4.3.37) 




^® "Projective" means up to phase factors, which drop out since the gamma acts in combination 
with its inverse on the Chan-Paton labeL 
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where the Ai are 16 x 16 antisymmetric matrices. Let us ignore the D-5-branes for 
a moment and determine the gauge group and its action on the scalars in the (99) 
sector. Since the vectors are in the adjoint of the gauge group, the gauge group should 
be 16^ dimensional. U (16) is a good candidate. Further, we know that the vector 
should transform in the adjoint under global gauge transformations under which it 
should not change the form specified by (2.4.3.36). Thus, we define an element of the 



gauge group as 

5(9) = exp ( M , (2.4.3.38) 

where Sg {Ag) are real anti- (symmetric) matrices with infinitesimal entries. A gauge 
transformation acts on the Chan-Paton matrix as 



Ag Sg 
~^9 ^9 



,A 



(2.4.3.39) 



We observe that the vectors transform in the adjoint and the form of the Chan-Paton 
matrix is preserved. Note also that g^^^ is unitary and has 16^ parameters. It is a 
U (16) element. The U (1) subgroup corresponds to yl^ = and Sg proportional to the 
identity. From our assignment that the Chan-Paton matrix transforms in the adjoint 
of U (16) it is also clear that the Chan-Paton label i and j transform in the 16 and 



16 of U (16) Thus, the scalars can be decomposed into the antisymmetric 120 -|- 120. 
One may also explicitly check that the form of the Chan-Paton matrix for the scalars 
is not altered by a gauge transformation. We leave the discussion of the fermions in 
the R sector as an exercise. The result is that that half of them carry the Chan-Paton 
matrix ( p. 4. 3. 36 ) and the other half the matrix (|2.4.3.39 ). Altogether the (99) sector 



provides a vector multiplet in the adjoint of U (16) and a hypermultiplet in the 120 
+ T20. 

Now, we include the D-5-branes. Here, we have to distinguish between the case 
that a D-5-brane is situated at a fixed plane or not. In the first case the (55) strings 
have to respect the and R symmetry, whereas in the second case these orientifold 
group elements just fix the fields on the image brane. Suppose we have 2m/ D-5-branes 
at the Ith fixed plane. (The number of the D-5-branes per fixed plane must be even, 
since otherwise they cannot form a representation of the orientifold group.) The NS 
sector leads again to a massless vector and massless scalars with almost the same Chan- 
Paton matrices as in the (99) sector (( p. 4. 3. 36 ) and ( |2.4.3.39| )). The only difference is 



that the antisymmetric and symmetric matrices are now mj x mj instead of 16 x 16. 
Hence, we obtain a vector multiplet in the adjoint of U (mj) and a hypermultiplet in 
the ^ (m/-l) + ^ (m/-l). 
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Let 2nj D-5-branes be situated away from the fixed plane (but on top of each other). 
For the (55) sector belonging to those D-5-branes we impose invariance under 0, only. 
The solution for is given in (2.4.3.35). Together with the minus eigenvalue on the 
massless NS sector Fock space state, this leads to the result that the vector in the (55) 
sector is an element of the U Sp {2nj) Lie algebra in the adjoint representation. Taking 
into account (part of) the R sector this is promoted to a USp{2nj) vector multiplet. 
The scalars together with the remaining R sector states form a hypermultiplet in the 
antisymmetric n^ (2nj-l) representation. 

It remains to study the (95) sector. (Here, one has to take into account that 
along the compact directions NS sector fermions are integer modded whereas R sector 
fermions are half integer modded. This is quite similar to the twisted sector closed 
string. In particular, the (95) NS sector ground state is already massless. Hence, 
the NS sector does not give rise to massless vectors. We do not impose or QR 
invariance on (95) strings since they are mapped onto (59) strings by the worldsheet 
parity inversion. If the considered D-5-branes are situated at one of the fixed planes 
we impose R invariance. In this case, one finds in the NS sector two scalars with the 
Chan-Paton matrix 

where the Xi are general rrii x 16 matrices. Together with the R sector this leads to 
a hypermultiplet in the (16 , m^) of U (16) x U (nij), (the hypermultiplet is neutral 
under the gauge group living on D-5-branes not situated at the Ith fixed plane). For 
D-5-branes which are not a fixed plane the (95) sector provides a hypermultiplet in 
the (16, 2nj) of [/(16) x USp{2nj). 
Altogether we find the gauge group is 

16 

U (16) X JJ [/ {mi) X JJ USp {2nj) , (2.4.3.41) 

1=1 J 

where j labels the D-5-brane packs away from fixed planes. In addition the total 
number of D-5-branes has to be 32 (images are counted), i.e. 

16 

^2m/ + 2^2nj = 32. (2.4.3.42) 

1=1 j 

There are hypermultiplets in the representation 

2(120 , 1, 1)+ J^|2(^l,im7(m,-l),l^^ + (16,m,,l), 
+ {(1, 1, n, (2n,-l) -1)^. + (1, 1, 1) + (16, 1, 2nj) .} , (2.4.3.43) 
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where we have split the anti-symmetric representation of USp {2nj) into its irreducible 
parts and an index /, j refers to the gauge group on the D-5-brane pack at a fixed plane 
and off a fixed plane, respectively. It can be checked that the effective six dimensional 
theory is free of anomalies. The models belonging to different distributions of the 
D-5-branes on and off fixed planes can be continuously transformed into each other. 
In the field theory description this corresponds to the Higgs mechanism. 



We have seen that adding to the orbifold compactification of section 2.2 0-planes 
and D-branes gives a very interesting picture. Apart from the closed string twisted 
sector states located at the orbifold fixed planes we obtain various fields from open 
strings ending on D-branes. These D-branes can be moved within the compact direc- 
tions while keeping the geometry fixed. The techniques described in this section can be 
also applied to phenomenologically more interesting setups leading to four dimensional 
theories. A description of such models is beyond the scope of the present review. 



Chapter 3 

Non-Perturbative description of 
branes 



3.1 Preliminaries 

In the previous sections we gave a perturbative description of various extended ob- 
jects: the fundamental string, orbifold planes, D-branes and Orientifold planes. The 
string plays an outstanding role in the sense that field theories on the worldvolumes 
of the other extended objects are effective string theories. The quantization of the 
fundamental string is performed in a trivial target space (i.e. the target space metric 
is the Minkowski metric and all other string excitations are constant or zero). Further, 
the worldsheet topology is specified to the spherical (for closed strings) or disc (for 
open strings) topology (after Wick rotating to Euclidean worldsheet signature). Our 
treatment leads to a perturbative expansion in the genus of the worldsheet (see section 



2.1.4 ). The perturbative expansion is governed by the string coupling 

ffs = e<*\ (3.1.0.1) 

which needs to be small. Perturbative closed string theory has an effective field theory 
description which contains supergravity. How does one obtain insight into regions 
where gs is large? Clearly, the perturbation theory breaks down in this case, and 
indeed this region is rather difficult to study. There are, however, a few results one 
can obtain also for strong couplings. Let us recall how non perturbative effects in Yang- 
Mills theory can be studied. Apart from the trivial vacuum, (Euclidean) Yang-Mills 
theory contains several other stable vacua, viz. the instantons. Studying fluctuations 
around an instanton vacuum, one finds an additional weight factor in the path integral 
which comes from the background value of the action and is of the form 

n 

e 5 , 
124 
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where n is the instanton number and g is the Yang-Mills gauge coupling. As long as g is 
small, the fluctuations around an instanton vacuum are heavily suppressed. However, 
as soon as g becomes large, the suppression factor becomes large. Thus, knowing about 
the instanton solutions in Yang-Mills theory gives a handle on non perturbative effects. 
But how can one know, that one does not have to include strong coupling effects into 
the theory before deriving the instanton solutions? The answer is that instantons are 
stable, they are characterized by a topological number which cannot be changed in 
a continuous way when taking g from small to large. Therefore, instantons can give 
information about strongly coupled Yang-Mills theory even though they are found as 
solutions to the perturbative formulation of Yang-Mills theories. States (vacua) with 
such a feature are called BPS statesffl 

Therefore, our aim will be to find BPS states in string theory. In the low energy 
limit, the various superstring theories are described by super gravities. Insights into 
non-perturbative effects in string theory can be gained by finding the BPS states of 
perturbative string theory. As a guiding principle, we will look for solutions to the 
effective equations of motion that preserve part of the supersymmetry (i.e. are invariant 
under a subset of the supersymmetry transformations). Roughly speaking, it is then 
the number of preserved supersymmetries which cannot be changed continuously when 
taking the string coupling from weak to strong. We will see that such solutions can 
be viewed as branes. The number of branes takes the role of the instanton number 
in the Yang-Mills example discussed above. We will be very brief in our analysis and 
essentially only summarize some of the important results. The classical review on 
branes as supergravity solutions is 1 152] and we will give more references in the end of 
this review. 



3.2 Universal Branes 



Prom section |2.1.4| we recall that all the closed superstring theory effective actions 
contain a piece 



1 

2^ 



-Ge 



-2$ 



(3.2.0.1) 



In the present section we will truncate all closed string effective field theories to (the 
supersymmetric extension of) (|3.2.0.1| ). This is consistent because we will restrict on 
backgrounds where the discarded part of the action vanishes and the corresponding 
equations of motion are satisfied trivially. By adding appropriate terms including 



^There are also stable non BPS states (for reviews see e.g. 424, 319, 195j). We will not discuss 

these. 

■^BPS stands for the names Bogomolny, Prasad and Sommerfield, and refers to the paperslTg, 379 1. 
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fermions (2.1.4.5) can be promoted to an = 1 supersymmetric theory. (For type II 
theories this is a sub-symmetry of the N = 2 supersymmetry.) The supersymmetric 
extension is usually given in the Einstein frame. The action ( p. 2. 0.1 ) is written in the 



string frame were the string tension is a constant and independent of the dilaton. The 
Einstein frame is obtained by the metric redefinition 



g^,u = e--G^^, (3.2.0.2) 

where G^u is the string frame metric and g^i, is the Einstein frame metric. The action 
(|3.2.0.1|) takes the form 

SE,univ = d^'^x^ (^i? - i {d^f - • (3.2.0.3) 

We observe that ( p.2.0.3[ ) starts with the familiar Einstein Hilbert term (therefore the 
name "Einstein frame"). Further, the kinetic term of the dilaton has the "correct" 
sign now, and the coupling of the B field is <I> dependent. In the supersymmetric 
extension, a gravitino and a dilatino are added. We do not give the supersymmetric 
action explicitly. For us, it will suffice to know the supersymmetry transformations of 
the gravitino and the dilatino. These are 

5V/. = D^e + ^e-^ {V.r'' -^5''^TP^)H,p,e, (3.2.0.4) 

5\ = --l^T^d,^e+^e-^T^^PH,,,e, (3.2.0.5) 

where denotes the gravitino and A the dilatino. The Gamma matrices with curved 
indices are obtained from ordinary Gamma matrices (16 x 16 matrices satisfying the 
usual Clifford algebra in ten dimensional Minkowski space) by transforming the fiat 
index with a vielbein to a curved one. A Gamma with multiple indices denotes the 
anti-symmetrized product of Gamma matrices. The spinor e is the supersymmetry 
transformation parameter. 

Sometimes it is useful to formulate the theory in a slightly different way. To 



this end, one adds to the action (3.2.0.3) a Lagrange multiplier term providing the 
constraint of a fulfilled Bianchi identity. Calling the Lagrange multipliers A^-^^^^^^, 
such a term looks like 

j d^^x e'^^'"'^^°^^i...^g(9^7-ff^g^9^io. (3.2.0.6) 

The A^^^^^^g equation of motion yields the Bianchi identity of the B field strength 
Hfj_yp. However, one can alternatively solve the B field equation of motion with the 
result 

H^up ~ e*e,,,p^,...^,^^^l•••^^ (3.2.0.7) 
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with 

i^/.i.../.r = di^^A^^_^^]. (3.2.0.8) 

This means that we can trade the antisymmetric tensor B for a six form potential 
A. Choosing an appropriate normalization for the Lagrange multiplier terms ( p. 2. 0.6 ), 
the effective action ( p. 2. 0.3 ) in terms of the six form potential A reads 



Also in this form the action can be supersymmetrized. In terms of the six form 
potential A the gravitino and dilatino supersymmetry transformations read 

5i;^ = D^e + -i-^et (3r/--^-75;:ir'^2-'^^)i^,,...,,e, (3.2.0.10) 

dX = ^r'^^.^e \= etr^i-^^i^., „,e. (3.2.0.11) 

2V2 ^ 2 -2^2 -7! ^ ' 

In the following two subsections, we will present two solutions preserving half of 
the supersymmetry. 

3.2.1 The fundamental string 

The solutions we are going to discuss in the present and subsequent sections are gen- 
eralizations of extreme Reissner-Nordstrom black holes. Reissner-Nordstrom black 
holes are solutions of Einstein-Hilbert gravity coupled to an electro magnetic field. 
They carry mass and electric or magnetic charge. Extreme Reissner-Nordstrom black 
holes satisfy a certain relation between the charge and the mass. (In our case such 
a relation will be dictated by the requirement of partially preserved supersymmetry.) 
Replacing the electro magnetic field strength F by its dual -kF interchanges electric 
with magnetic charge. (For a more detailed discussion of Reissner-Nordstrom black 
holes see e.g. [|442| ].) 



The action (3.2.0.3) bears some analogy to four dimensional Einstein gravity cou- 
pled to an electro magnetic field. The diff'erence is that the theory is ten dimensional 
instead of four dimensional and the electro magnetic field strength is replaced by the 
three form H. In addition, there is the scalar <I>. Since the gauge potential is now a 
two form which naturally couples to the worldvolume of a string, we look for "extreme 
Reissner-Nordstrom black strings" instead of black holes. The corresponding ansatz 
for the metric is 

ds'^ = e^^ri,jdx'dx^ + e'^^ Sabdy^dy'' , (3.2.1.1) 
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with i,j = 0, 1 and a,b = 2, . . . ,9. Further, A and B are functions of 



r = V^abV^y^ (3.2.1.2) 

only. Here, we have taken the second step before the first one in the sense that 
first we should have thought about what kind of isometrics we would like to obtain 
and only afterwards we should have written down a general ansatz respecting the 
isometrics. Therefore, let us perform the first step now and discuss the isometrics of 
the ansatz. Clearly, there is an SO (1,1) isomctry acting on the x*. This means, that 
up to Lorentz boosts, spans the worldvolume of a straight static string. There is no 
further dependence on in the ansatz because we do not wish to distinguish a point 
on the worldvolume of the string. The other isomctry acts as an SO (8) on the y". 
This is the natural extension of the SO (3) isomctry associated with non-rotating four 
dimensional black holes. It is SO (8) now because the space transverse to the string is 
eight dimensional (whereas in 4d black holes the space transverse to the hole is three 
dimensional). The r dependence respects the SO (8) isometry. Distinguishing between 
different values of r means specifying the position of the string, i.e. r measures the 
radial distance from the string. 

In order not to spoil the above symmetries, we choose for the remaining fields the 
ansatz 

Boi = -e^ , $ = $(r), (3.2.1.3) 

where C is also a function of r only. All other components of B are zero. Viewed as a 
two form, B is proportional to the invariant volume form of the string worldvolume. 
The factor e'-' may depend on r. 

The ansatz for the target space spinors is that they all vanish. As mentioned earlier 
we are interested in situations where the solution preserves part of the supersymmetry 
because this ensures that we can continuously take the string coupling from weak to 
strong. In particular, the unbroken supersymmetry is parameterized by spinors e for 
which the gravitino and dilatino values of zero do not change under supersymmetry 
transformations, i.e. those e for which the rhs of ( [j.2.0.4 ) and ( 3.2.0.5| ) vanish. In order 



to find such solutions for our ansatz it is convenient to represent the ten dimensional 
Gamma matrices A, B = 0, . . . ,9, 

{TA,rB} = 2rjAB (3.2.1.4) 
as a tensor product of 2 x 2 matrices 7^ in 1 + 1 and 8x8 matrices in 8 dimensions^ 

= (7,® 1, 73 5],), (3.2.1.5) 



^The corresponding algebras are {7^,7^} = 2rjij and {Ea,Eb} = 25ab 



3. The fundamental string 



129 



where I is tlie 8x8 identity matrix and 

73 = 7o7i (3.2.1.6) 

squares to the 2x2 identity matrix. Further, we have to take into account that the 
ten dimensional = 1 supersymmetry parameter e is subject to the constraint 

riie = e. (3.2.1.7) 

Under certain conditions to be specified below the variations of the gravitino and the 
dilatino vanish for 

e = e— eo«)r/o, (3.2.1.8) 

where Eq and 770 are 5*0 (1, 1) and SO (8) constant spinors, respectively, which satisfy 
the lower dimensional chirality conditions 



(1-73) £0 = 0, l-rrsJr/o = 0. (3.2.1.9) 




This breaks the supersymmetry to half the amount of the perturbative (trivial) vac- 
uum. (The condition ( 3.2.1.7| ) could be also satisfied by choosing simultaneously the 
opposite chiralities in the two equations ( |3.2.1.9D .) 

We already mentioned that only under certain conditions we can find unbroken 
super symmetries at all. Requiring that asymptotically (r — > 00) we obtain the pertur- 
bative vacuum, these conditions read 

A = ^($-^.0), (3.2.1.10) 

B = -i($-$o), (3.2.1.11) 
3 

C = 2$--$o (3.2.1.12) 

where $0 is the asymptotic value of ^. Hence supersymmetry leaves only one function 
out of our ansatz undetermined. This function can be taken to be the dilaton whose 
equation of motion boils down to 

(^"''aaSfeC-^^W = 0, (3.2.1.13) 

i.e. the "flat" Laplacian of the transverse space (spanned by the y") acting on e~^* 
has to vanish. As in the case of four dimensional black holes, we solve this equation 
everywhere but at the origin r = 0, where there are additional contributions due to 
a source string. (We do not add the source string explicitly here, but will infer its 
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properties (tension and charge) in an indirect way below. For the explicit inclusion of 
the source term see e.g. IH].) The solution to (|3.2.1.13| ) reads 



-2$ 



-2<I>n 



1 + ^6 



(3.2.1.14) 



where k is an integration constant which will be related to the string tension below. 
Plugging this back into ( 3.2.1.10] ) - (3.2.1.12) and in the ansatz gives the final solution. 

Next, we would like to deduce the tension of the string source from our solution. 
This is done by studying the Newtonian limit of general relativity. In particular, by 
comparing the Einstein equation with the geodesic equation of a point particle (which 
has constant mass in the Einstein frame) one finds that the Newton potential of the 
string-source is encoded in the subleading term in a large r expansion of 500 • Therefore, 
we first observe that for large r 

3k 



goo 



T + -^ + ... 



(3.2.1.15) 



The relation between goQ and the Newton potential of a string is explicitly such thatQ 



1 



5{r) 



(3.2.1.16) 



2 ' ~^VLjr^ 

holds, with the understanding that terms denoted by . . . in (3.2.1.15) are neglected. 



The string tension is denoted by T^- Further, the unit volume of a seven-sphere Vl-j 
enters the expression. Hence, we obtain 



Te = -^^7. 



(3.2.1.17) 



We put the index E at the tension in order to indicate that it is measured in the Ein- 
stein frame. What we are actually interested in, is the tension in the string frame. This 
is readily obtained by noticing that transforming back to the string frame (asymptot- 
ically) implies 



^7 



7^0 

e 2 



Thus in the string frame the tension ig]^ 



3A; 3#a^ 



(3.2.1.18) 



(3.2.1.19) 



''Equation ( |j.2.1.16| ) has the same for m as the equation satisfied by the Newton potential. The 
numerical factor of | = on the rhs of (3.2.1.16) is a matter of co nven tion, which fixes the relation 
between k, the spe ed o f light (c = 1), and Newton's constant (see e.g. ^3^). We choose our convention 
in agreement with 152 1, where explicit source terms (containing the tension) are added. 

*0n dimensional grounds, one would expect a different scalin g of T. I n order to obtain this, one 
has to take into account that is a dimensionful quantity. In (3.2.1.19) k is given Einstein frame 
units. 
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Recalling that our "elementary particle" is a string of tension and requiring that 
any string like object must consist out of an integer number of elementary strings 
we finally determine the integration constant k to b^ 

3*0 

k = N . (3.2.1.20) 

It remains to compute the U (1) charge carried by the vacuum. This is basically 
done by integrating the B equation of motion over the transverse space. The result is 

H = [ e-'^i^H, (3.2.1.21) 

v2k Js'' 

where the integration is over an asymptotic seven-sphere enclosing the string source. 
The U {1) charge is denoted by fi. Expressing the result in terms of the string tension 
one obtains 

r- N 

/i = V2K -. (3.2.1.22) 

27ra 

This equality is related to partially unbroken supersymmetry. If the configuration 
was not stable the tension of the bound state would be larger than the sum of the 



elementary tensions. Hence, the rhs of (3.2.1.22) is larger for general (non BPS) states. 



The BPS state saturates a general inequality. Since the BPS state is stable, there can 
be no state with less tension and the same charge since otherwise the BPS state would 
decay into such a state. The lower bound on the tension set by the BPS state is called 
the Bogomolnyi bound. 

3.2.2 The NS five brane 

In this subsection we repeat the analysis of the previous section, however, with the 
action (I3.2.0.9D instead of (|3.2.0.3D . Thus, we will obtain the magnetic dual of the 



previously discussed string solution. This is called the NS five brane. Its properties 
(tension, charge) will be fixed in terms of the string properties via the Dirac quanti- 
zation condition. (For generalizations of the Dirac quantization condition to extended 



objects see| 353 , [438| .) As the derivation of the NS five brane solution goes along the 
same lines as the one given in the previous subsection, we will be even more sketchy 
here. Instead of the two form potential, we have now the six form potential A. Since 
an object which extends along five spatial dimensions naturally couples to a six form 
potential, we choose the following ansatz for the metric 

ds^ = e^%jdx'dx^ + e'^^6abdy''dy\ (3.2.2.1) 



Here we use the fact that for a superposition of BPS states there is no binding energy, i.e. the 
total tension is obtained by simply summing the tensions of the individual BPS states. 
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where now i,j = 0, . . . ,5 and a,b = 6, . . . ,9. The five brane worldvolume extends 
along the directions and the functions A and B are allowed to depend on the radial 
distance from the five brane r with 



r = V^abV^y'- (3.2.2.2) 

The ansatz for the six form potential is 

^012345 = -e^, (3.2.2.3) 

where C is a function of r. The components of A which cannot be obtained by 
permuting the indices in ( |3.2.2.3 ) are zero. The final input is that also the dilaton 
depends only on r, 

$ = $(r). (3.2.2.4) 
All fermionic fields are again set to zero. There is an unbroken supersymmetry if 



we can find a spinor such that the gravitino and dilatino transformations (3.2.0.10) 
and ( 3.2.0.11] ) vanish. It turns out that half of the supersymmetry is preserved if the 
following relations hold 

A = -i($-$o), (3.2.2.5) 

B = ^($-^.0), (3.2.2.6) 

C = -2$ + ^«>o, (3.2.2.7) 

where $0 denotes again the asymptotic r ^ 00 value of the dilaton. (In addition 
to partially unbroken supersymmetry we have once again imposed that for large r 
the vacuum should approach the perturbative vacuum.) Under these conditions the 
equations of motion boil down to 

S^^dadbe^"^ = 0. (3.2.2.8) 

We solve this equation everywhere but at r = where we allow for additional contri- 
butions due to source terms. One finds 



g2($-*o) = 1 + A (3.2.2.9) 



The integration constant k can be fixed by exploiting the Dirac quantization condition. 
To this end we compute the charge carried by the vacuum 

1 /• $ , \/203fc 5a 



fi = ^ e'^i<K = - —e—, (3.2.2.10) 
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where the integral is over an asymptotic three-sphere surrounding the five brane and 
denotes the volume of a unit three-sphere. Now, the Dirac quantization condition 
reads 

jlH = 27rNN, (3.2.2.11) 



where ^ is the charge of N elementary strings ( 3.2.1.22 ). The number of five branes 



(number of magnetic charges) is N. This fixes the integration constant, 

~ ttN *o 

k = -—e~-, (3.2.2.12) 

where Ts is the elementary string tension (T5 = g^^jy in the string frame). By com- 
puting the gravitational potential in the Newtonian limit, one finds the tension of the 
five brane in the Einstein frame (with Ts and k also in Einstein frame units) 

r£; = — ^e-^. 3.2.2.13 

The mass dimension of is six. Hence, we obtain 

~ rig, 2Tra'TTN 

r = e-^*o _ — (3.2.2.14) 

in the string frame. We observe that the five brane tension behaves as 1/gg. In the 
perturbative region the NS five brane is very heavy whereas it becomes lighter when 
the string coupling increases. 

The NS five brane is an extended object for which we did not give a perturbative 
description. Indeed, such a description is not known. One could try to quantize strings 
in the NS five brane background. This is possible only in certain spatial regions. 
Firstly, for large r the background becomes flat, and we know how to quantize strings 
there. But also in the background at r — > (the near horizon limit) one can find a 
quantized string theory. In that limit the string frame metric reads 

dsf = rjijdx'dx^ + k {dlogrf + kdnj, (3.2.2.15) 

and the dilaton is linear in p = logr. With dOg we denote the metric of a unit three- 
sphere. The NSNS field strength H is a constant times the volume element d^l^. The 
geometry factorises into a 5 + 1 dimensional Minkowski space times the direction on 
which the dilaton depends linearly times an S^. Since is an SU (2) group manifold, 
string theory can be quantized in such a background. For more details see pi or the 
reviewlOql. 
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3.3 Type II branes 

Like in the previous sections, we are interested in setups where only a truncated version 
of the effective actions (see section 2.1.4| ) is relevant. The bosonic part of the truncated 
type II action reads 

' = ^1 ""^ + " - 2(?T2)T^'«) ■ 

where -Fp+2 denotes the field strength of an RR p+1 form potential. For type IIA p is 
even whereas it is odd for type IIB theory. For p = 3 the action has to be supplemented 
by the constraint that the field strength is selfdual. The {p+2 form) field strengths are 
not all independent but related by Hodge duality to the field strength corresponding 
to 6 — p (an 8 — p form field strength). We will restrict the discussion to the cases 
< p < 7. For p = 7 the solution presented in |225[| is relevant. The 8-brane appears 
as a solution of massive type IIA supergravity [p^] . How this is related to string theory 
(or rather M-theory) is discussed in the recent paper p3^ (see also references therein). 
We will consider only a single relevant p at a time. The field redefinition ( ^.2.0.2[) 
takes us to the action in the Einstein frame 

= ^ / ,">,V^ (« - i (8*)^ - . (3.3.0.2) 

The p-brane ansatz reads 

ds^ = e^\ijdx'dx^ + e^^5abdy°-dy\ (3.3.0.3) 
with i, j = 0, . . . , p and a, 5 = p + 1, . . . ,9. A and B are functions of 



r = VSaMfy^ (3.3.0.4) 

The dilaton is also taken to be a function of r. Let us first exclude the case p = 3 from 
the discussion. For the p+1 form gauge field we choose 

Ao,...,p = -e^, (3.3.0.5) 

where C is a function of r, and all other components of A (which cannot be obtained 
by permuting the indices in ( ^.3.0.5| )) are zero. All the other fields (NSNS -B-field, the 
remaining RR forms, and the fermions) are zero. The BPS condition leaves one out 
of the four functions A, B, C and $ undetermined. Choosing for convenience C to be 
the undetermined function, these conditions read 

A = ^(C-Co), (3.3.0.6) 

^ = -^{C-Co), (3.3.0.7) 
lb 

^ = ^(C-Co) + i%, (3.3.0.8) 
4 p — 6 
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where again the boundary condition that for r ^ oo the background should be trivial 

has been imposed. Co denotes the asymptotic value of C which is related to the 
asymptotic dilaton value 

Co = ^^0. (3.3.0.9) 

The equations of motion reduce to 

d^-^dadbt-^ = 0. (3.3.0.10) 

We solve this by 

e-'^ = e-^« + (3.3.0.11) 

The RR charge of the vacuum is 

/ip = / e^* * = -^^&^pkp, (3.3.0.12) 

where the integration is over an asymptotic (8 — p)-sphere surrounding the p brane, 
and r^s-p is the volume of the unit sphere. Now we try whether we can identify the 



type II p-branes with the D-branes discussed in section 2.3. This trial is motivated by 
the observation that the D-branes considered in section O are also extended objects 
carrying RR charge. In section |2.3| we computed the charge of a single D-brane to be 
(see ( |2.3.2.31| ) and ( p.3.2.29| )) 

^=i„glc branc ^ ^ (^^-k"^ a') ^ . (3.3.0.13) 

Assuming that the vacuum considered in the present section is composed out of an 
integer number Np of single D-branes, we identify (T5 denotes the frame dependent 
tension of a single fundamental string) 

kp = Np \ ' ^ , 3.3.0.14 

(7 - p) Os-p 

such that 

//p = Np^^'p''' (3.3.0.15) 

A first consistency check is to observe that the Dirac quantization condition 

fJ-pfJ-G-p = 2ttNpNq_p (3.3.0.16) 

is satisfied. After we have fixed the integration constant kp the tension of the brane 
solution is determined. Because the vacuum considered here and the D-branes consid- 



ered in section 2.3 are BPS objects the tension is related to the charge and we expect 
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that our tension should be in agreement with ( |2.3.2.29 ). Let us nevertheless compute 
it explicitly. To this end, we write down the asymptotic expansion of goo 



900 



8 r^-P 

The tension is given via (see also ( 3.2.1.16] )) 
1 



l + ^ie^*o + .... 



(3.3.0.17) 



(3.3.0.18) 



where Tp^E denotes the tension in Einstein frame units and it is understood that terms 
denoted by dots in (|3.3.0.17 ) are neglected. This yields 



Tp^E = -—^Us-pkpe 4 °. 



2k^ 



(3.3.0.19) 



Since Tp^E has mass dimension p + 1, it receives a factor of e ~^ under the trans- 
formation to the string frame. Taking this and ( |3.3.0.14| ) into account, we find for the 
string frame tension 



Tp = Npe-'^°K^/^ (iTT^a') ' 



(3.3.0.20) 



in agreement with ( p. 3. 2. 29 ). Thus, we found that the p-brane vacuum can be viewed as 
consisting out of an integer number of "elementary" (or magnetic) D-branes considered 
in section |2.3| . 

So far, we have derived this result only in the case p ^ 3. In the case p = 3, the 



condition ( 3.3.0.8 ) is changed into 

$ = $0 , Co = 0. (3.3.0.21) 

The selfduality condition can be imposed by replacing from our ansatz with F^+-kF^, 

F^^F^ + i^F^. (3.3.0.22) 



The solution for C is 



The "electric" charge is 



-c 



1 + 



k3 



1 



r- I — -0123 - /- " 

v2k J55 ^2k 
The replacement ( p. 3. 0.22 ) implies that the solution carries also a magnetic charge 
/Up = fJ-p- Thus, the Dirac quantization condition yields {N^ is the number of D3- 
branes) 



-$75^3. 



(3.3.0.23) 



(3.3.0.24) 



k?. = iVfiVvr 



20^ 



(3.3.0.25) 
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such that 

/ig = V2^Ar3. (3.3.0.26) 
For the tension, one obtains in the string frame 

r3 = iV3e-*o^. (3.3.0.27) 
Thus, also for p = 3 we can consistently assume that the vacuum solution is made out 



of an integer number of the D3-branes introduced in section 2.3. We will return to the 



solution for p = 3 in section 4.3 



We stop our discussion on the appearance of branes as vacua of the effective actions 
at this point. We should, however, mention that there are many more configurations 
which can be constructed. For example, one can find vacua where branes lie within 
the world volume of other higher dimensional branes. Such studies confirm the result 



of section 2.3.1.3 that supersymmetry is completely broken unless the number of ND 
directions is an integer multiple of four. 

A final remark about the BPS vacua of type I theory is in order. Although we 
called this section "type II branes" , the discussion applies to type I theory as well. In 
the closed string sector of type I theory the NSNS B field is projected out, and thus 
there is neither a fundamental string nor an NS five brane vacuum in the effective 
type I theory. On the other hand, the RR two form potential survives the projection. 
Hence, type I theory possesses the Dl and the D5 brane vacua. 



Chapter 4 

Applications 



In this chapter, we are going to present some apphcations of the branes discussed so 
far. In the following, we will show that branes are a useful tool in supporting duality 
conjectures involving an interchange between strong and weak couplings. As a first 
example we consider dualities among different string theories. Thereafter, field theory 
dualities will be translated into manipulations within certain brane setups. Next, we 
want to present the AdS/CFT correspondence - a duality between closed and open 
string theory, or in first approximation between gravity and gauge theory. Finally, we 
argue that branes allow constructions in which the string scale is about a TeV. Such 
setups have the prospect of being discovered in the near future. There are many more 
applications of branes in theoretical physics. Some of them we will list in chapter |6| 
containing suggestions for further reading. 



4.1 String dualities 

There are many excellent reviews on string dualities and we do not plan to provide an 
introduction into this subject here. We just want to summarize how branes are mapped 
among each other under duality transformations. We start by drawing the M-theory 



star in figure 4.1. The idea behind this picture is that the theories written at the tips 
of the "star" are different descriptions of one underlying theory called M-theory. This 
underlying theory is not known. It is assumed to possess a moduli space which looks 
like figure |4.1|. The picture is supported by evidences for the conjecture that all the 



other theories appearing in figure 4.1 are related by motions in their moduli spaces. 

Let us briefiy summarize how these theories are connected. We start at the top of 
the star (IID SUGRA) and work our way down to the bottom (type I), first counter 
clockwise. Compactifying eleven dimensional supergravity on an interval {S^/Z2) 
yields the effective field theory of the heterotic Eg x £^8 string. The dilaton is re- 
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Figure 4.1: M-theory star 

lated to the length of the interval such that the string coupling is small when the 
interval is short. The Eg x Eg fields live as twisted sector fields at the ends of the 
interval (the orbifold nine planes) . If we take the string coupling of the Eg x £^8 het- 
erotic string to be strong, IID supergravity on an interval provides the more suitable 
description. The connection between the Eg x Eg and the SO (32) string was already 
discussed in section p. 1.5. 4 . It does not relate strong with weak coupling but small 



with large compactification radii in nine dimensions. The heterotic SO (32) string is 
connected to type I strings by a strong/weak coupling duality. Now, let us go back 
to the top of the star and go down clockwise. Type IIA supergravity can be obtained 
by compactifying 11 dimensional supergravity on a circle. The radius of the circle 
determines the vev of the dilaton. For small string coupling the circle is small, and 
for strong coupling it is large. The connection between type IIA and type IIB strings 
is seen by compactifying further down to nine dimensions and inverting the radius, as 
argued in section 2.1.5.4] . Type I theory is obtained by gauging worldsheet parity of 



type IIB strings and adding the D-branes needed to ensure RR-charge conservation 
(in a sense these can be viewed as twisted sector states). 

Because the branes we have discussed are stable under deformations in the moduli 
space, they should be mapped in a one-to-one way onto each other by string dualities. 
Since eleven dimensional supergravity did not appear until now in our discussion (it 
does not correspond to an effective weakly coupled string theory), we have to list 
the relevant BPS branes of 11 dimensional supergravity. 11 dimensional supergravity 
contains a three form gauge potential which can be Hodge dualized to a six form gauge 
potential. Analogously to the solutions found in the previous chapter, one finds thus 
a membrane (2 brane) and a five brane. 
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Let us now walk once around the star in figure 4.1 in a clockwise direction and follow 
the branes along this journey. Upon compactifying one of the eleven dimensions the 
momentum into this direction becomes quantized. The off diagonal metric components 
containing one 11 label become a Kaluza Klein gauge field - a one form potential, which 
can be Hodge dualized (with respect to the non compact directions) to a seven form 
potential. The associated BPS states are zero and six branes. These become the DO 
and the D6 branes in the type IIA picture. For the branes which exist already in 
the uncompactified theory, there are two options within the compactification. The 
compact dimension can be transverse or longitudinal. Hence, the membrane will be 
either described by a fundamental string or by a D2 brane in weakly coupled type 
IIA theory, and the five brane yields the D4 brane and the NS five brane of type IIA 
theory. 

Compactifying further down to nine dimensions and taking the decompactification 
limit after a T-duality transformation, type IIA theory goes over into type IIB theory. 
The D-branes gain or lose one spatial direction due to the T-duality, and hence we 
obtain all the D-branes of type IIB theory. Type IIB theory possesses a symmetry 



which is not depicted in figure 4.1. This is an S'L(2,Z) symmetry which we do not 
want to discuss in detail. For later use we state that the SL (2, Z) symmetry contains 
a transformation called S duality. S duality interchanges strong with weak coupling, 
the Dl brane with a fundamental string and the D5 brane with the NS five brane. 
The D3 brane stays a D3 brane under S-duality]^ 

Type I strings are obtained by projecting out worldsheet parity in type IIB strings. 
This removes the fundamental string, the NS five brane, and the D3 brane from the 
spectrum of BPS states. The remaining states are the Dl and the D5 brane. Under 
the strong/weak coupling duality mapping of type I theory to the SO (32) heterotic 
theory, these become the fundamental string and the NS five brane of the heterotic 
string. The BPS spectrum is not affected when going over to the x heterotic 
string via T-duality. The -Eg -E's theory is supposed to be dual to 11 dimensional 
supergravity on /'L2- Therefore, let us discuss which of the branes of 11 dimensional 
supergravity survive the Z2 projection. First of all, the zero and the six branes are 
projected out since the Kaluza-Klein gauge field is odd under changing the sign of the 
eleventh coordinate. In order to deduce the Z2 action on the three form potential C, 
we note that the action of 11 dimensional supergravity contains a Chern Simons term 



c ^dc ^ dC. 

This term is symmetric under the Z2 if C receives an additional sign, i.e. a C component 



^We do not include the D7 brane and its counterpart, the D instanton (related by Hodge duality), 
into the discussion. 
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containing an 11 label is even under the Z2. Conversely, the Z2 even components of 
the dual six form potential do not contain an 11 label. Prom the ten dimensional 
perspective, a one brane and a five brane survive the Z2 projection. These are the 
fundamental string and the NS five brane in the heterotic description. 

Hence, we have seen that continuous changes of M theory moduli preserve the 
spectrum of BPS branes. We have identified dual descriptions of branes. Note also 



that not all tips of the star in figure 4.1 are connected by continuous changes of 



moduli. Por example, 11 dimensional supergravity on is not continuously connected 
to 11 dimensional supergravity on S^/7j2. Therefore, the BPS branes of the circle 
compactified 11 dimensional supergravity have a one-to-one description in type IIA 
theory, but the type IIA BPS branes cannot all be given a heterotic description, and 
so on. 



4.2 Dualities in Field Theory 

Another area where supersymmetry allows insight into strongly coupled regions of 
perturbatively formulated theories are supersymmetric field theories. In this section 
we will focus on four dimensional = 1 gauge theories with matter in the fundamental 
representation (supersymmetric QCD). Por the various other examples we refer to the 
literature (see chapter |6|). In supersymmetric theories, non-renormalization theorems 
allow to study the moduli space in strongly coupled regions. In = 1 theories, the 
superpotential must be holomorphic in the fields. This often restricts its form, and the 
moduli space is found by searching for flat directions in the superpotential. A thorough 
analysis of A^ = 1 SU{Nc) gauge theory with Nf chiral multiplets in the fundamental 
representation led Seiberg to the conjecture that perturbatively completely different 
looking theories are connected in moduli space. Analyzing results on beta functions 
in such theories, one finds that for < Nf < 3Nc the beta function becomes 
zero at a certain (strong) coupling. Hence, such gauge theories flow to a conformal 
fixed point in the infrared (they are asymptotically free). The amazing result of 
Seiberg's analysis is that an SU{Nf — Nc) theory with Nf chiral multiplets in the 
fundamental representation of SU{Nf — Nc) and Nj gauge singlets flows to the same 
infrared fixed point as the above mentioned SU{Nc) theory. Thus, the moduli spaces of 
the two theories are connected in the strong coupling region. The field theory analysis 
involves first finding a duality map between conformal primaries at the infrared fixed 
point and to test whether the picture is consistent under continuous deformations. 
Another quite non trivial consistency check is that the 't Hooft anomaly matching 
conditions are satisfied. In the present section we will sketch how the moduli spaces 
of the two theories mentioned above can be connected by simply playing around with 
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Figure 4.2: Brane setup for supersymmetric QCD. It has to be looked at in combination 



with table 4.1 
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Table 4.1: Brane setup for supersymmetric QCD. The numbers in the first line label 
the dimensions. Hyphens denote longitudinal and dots transverse dimensions. 



branes. Throughout this section we will neglect the back reaction of branes on the 
target space geometry, i.e. we take a limit where gravity decouples. 

Our first task is to translate N = 1 SU{Nc) supersymmetric gauge theory with 
Nf chiral multiplets in the fundamental representation into a brane setup. A setup 
yielding the desired theory is drawn in figure |4.2|. Since it is difficult to draw pictures 



in ten dimensions we supplement the figure by table 4J where hyphens stand for 
longitudinal and dots for transverse dimensions. The D4-brane stretches in the sixth 
direction between the two NS5 branes. Hence, its extension along the sixth dimension 
is given by the finite distance of the NS5 and the NS5' brane. If this distance is 
shorter than the experimental resolution, the theory on the D4-branes is effectively 
3 + 1 dimensional. The positions of the NS5, NS5' and the D4 in the seventh dimension 
must coincide (simply for geometrical reasons). We take Nc of such D4-branes in 
order to obtain SU (Nc) gauge theory. The position of the D4-branes in the transverse 
directions is fixed by the condition that it stretches between the NS5 and NS5' brane. 
The scalar fields in the adjoint of the gauge group correspond to collective coordinates 
for those positions. They are projected out by the boundary condition. Therefore, 
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Table 4.2: Dual brane setup for supersymmetric QCD. This can easily be checked to 
be consistent. 



the theory on the D4-branes can admit at most = 1 supersymmetry (viewed from 
a 3 + 1 dimensional perspective). We will argue in a moment that there is partially 
unbroken supersymmetry in the above setup. Before, let us comment on the role of 
the D6-branes. A string starting on a D6 and ending on a D4-brane transforms in 
the fundamental representation of SU{Nc)- If we take Nj D6-branes we obtain the 
Nf desired multiplets in the fundamental representation of the gauge group. The 
SU {Nf) gauge theory becomes the flavour symmetry of our supersymmetric QCD. 
(Indeed, the effective four dimensional coupling is obtained by integrating over the 
extra dimensions. It is inversely proportional to the volume of the extra dimensions. 
Since the D6-brane worldvolume contains non-compact extra dimensions, the SU (Nf) 
dynamics decouples and we are left with a global symmetry.) 

After we successfully constructed a brane setup for the gauge theory we are in- 
terested in, we should check whether this brane setup is consistent. One could, for 
example, couple it to gravity and look for explicit solutions describing such a setup. 
This is, however, rather complicated. What we will do instead, is to take a setup from 
which we know that it is consistent and connect it to the above setup through a chain 
of string dualities. A setup of which we know that it is consistent is given in table 
4.2. Here, a fundamental string (Fl) stretches between two D5-branes (D5 and D5'). 
This is consistent by the definition of a D-brane. Above, we have argued that at most 
N = 1 supersymmetry survives on the (interval compactified) D4-brane. An argument 
that this is exactly the case can be given by counting the ND directions of the setup in 



table |4.2| (see also section 2.3.1.3 ). The D5 and the D3-brane provide eight ND direc- 
tions (all but the zeroth and sixth dimension). An open string starting on a D5'-brane 
and ending on a D3-brane has four ND directions (1237). Finally, the string stretched 
between the D5 and D5'-brane has mixed (ND) boundary conditions along the four 
dimensions: 4589. Hence, the number of ND directions is always an integer multiple 
of four, indicating that the spectrum possesses some supersymmetry. (There are also 
more precise methods to investigate the number of preserved supersymmetries. One 
can study the conditions for vanishing gravitino and dilatino variations in the rigid 
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Nc D4 



Figure 4.3: Brane setup of figure L2 after pushing the D6-branes past the NS5 brane. 



limit, see e.g. | 158 | for such an analysis within the present context.) It remains to see 



that the setup in table 4.2 is connected to the one which we are interested in (table 



4.1). Table [4.2| contains branes of type IIB theory. Therefore, we can apply an S- 
duality (shortly described in the previous section) on this system. This takes the D5 
and D5'-brane to the NS5 and NS5' brane of table |4.1| . The fundamental string (Fl) 
turns into a Dl string and the D3-brane remains invariant under S-duality. Performing 
a T duality along the first, second and third dimension (replacing type IIB by IIA) 



yields the configuration of table 4.1 



In the following we will describe a path in the moduli space of the setup in figure 
4.2 taking us to the dual theory found by Seiberg. We will do so by essentially 
interchanging the position of the NS5 with the NS5' brane. This involves however 
some subtleties which we will mention but not elaborate on. For more details we ask 
the interested reader to consult|155] or literature to be given in chapter ^. Our first 
step is to move the D6-branes to the left of the NS5 brane. When the D6-branes cross 
the NS5 brane, Nf additional D4-branes stretching between the D6-branes and the 
NS5 brane are created [p38[| . After the D6-branes have been moved to the left of the 
NS5 brane, there is a point in moduli space where there are no D4-branes stretching 
between the NS5 and the NS5' brane. This can be achieved by connecting the Nc 
D4-branes stretching between NS5' and NS5 branes with Nc out of the Nf D4-branes 
which stretch between D6-branes and NS5' branes. The result of performing this first 



step in moduli space is drawn in figure 4.3 . 

Now, the boundary conditions are such that we can displace the NS5 brane in the 
seventh dimension. After doing so, it can be moved to the right of the NS5' brane 
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Figure 4.4: Brane setup for the dual gauge theory. 

along the sixth dimension.^ As soon as the NS5 brane is situated to the right of the 
NS5' brane, we realign it in the seventh dimension with the positions of the NS5' and 
the D4-branes. There are now {Nf — Nc) D4-branes starting at the D6-branes passing 
through the NS5' branes and ending on the NS5 brane. These we break on the NS5' 



brane. The picture drawn in figure 4.4 emerges 



Finally, we need to read off the perturbative formulation of the field theory cor- 



responding to figure 4.4. The gauge group of the theory living on the D4-branes 
stretching between the NS5 and the NS5' brane is SU (Nj — Nc). There are Nf chi- 
ral multiplets in the fundamental of the gauge group coming from strings stretching 
between the Nf D4-branes on the left and the Nf — Nc D4-branes in the middle. The 
D4-branes to the left can move (fluctuate) in the eighth and ninth dimension. This 
gives rise to Nj chiral multiplets which are singlets under the gauge group. 

In this section we have seen that branes can be useful tools in deriving (or at least 
illustrating) quite nontrivial connections between gauge field theories. Our purpose 
was to provide the rough ideas on how this works within an example. The reader who 
found this interesting is strongly advised to check the literature (chapter ^) for more 
details and subtleties. 

4.3 AdS/CFT correspondence 

In this section we will describe a duality between gravity and field theory, or from a 
stringy perspective between closed string excitations and open string excitations. We 
will focus on the most prominent example where the field theory is AA = 4 supercon- 



^Here, it is important that the NS branes do not meet when passing each other. 
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formal SU (N) Yang-Mills theory]^ (the theory of open string excitations ending on 
D3 branes) and gravity lives on an AdS^ x space (the near horizon geometry of D3 
branes). In the next subsection we will state the duality conjecture and mention the 
most obvious consistency checks. Instead of elaborating on the various more involved 
consistency checks which have been performed in the literature, we will discuss an 
application of the duality. We will use the gravity side of the conjecture (the theory of 
closed string excitations) to compute a Wilson loop in field theory. This will be done 
in a semiclassical approximation. We will also discuss next to leading order correc- 
tions. In order to avoid disappointment, we should mention here that we will not give 
a quantitative result for the next to leading order corrections. 



4.3.1 The conjecture 



Prom section 3.3 we recall that in the case of the D3 branes the truncated action in 



the Einstein frame and in the string frame look almost the same. We will work in the 
string frame and absorb the constant dilaton into the definition of the gravitational 
coupling K. Choosing in addition a convenient^ numerical relation between a' and k, 
we can write (see (|3.3.0.23| )) 



-c 



1 + 



(4.3.1.1) 



where gs denotes the string coupling, and N = is the number of D3 branes. Recall 
also that the metric is ( 3.3.0.3| ) (use ( 3.3.0.6| ) and (3.3.0.7) and i,j = 0, . . . ,4, and we 



parameterize the transverse space by polar coordinates, i.e. dQ'^ is the metric of a unit 
five sphere) 



ds' 



e^r]ijdx^dx^ + e 2 (dr^ + r'^d^lf) . 



(4.3.1.2) 



Now we take the near horizon limit following the prescription 



a 



and U 



fixed. 



a' 



(4.3.1.3) 



The first limit ensures that the field theory on the brane decouples from gravity living 
in the bulk. The second limit implies that we zoom in on the near horizon region. It 
is taken such that the mass of an open string stretching between the N D3 branes and 



''in order to distinguish between the number of branes and the number of supersymmetries we use 
J\f for the number of supersymmetries in the present section. 

The preci se relation is (in Eins tein fram e units) — IGvr^a'*, where = tt'^ has been used 



(see (3.3.0.25)). Plugging this into (3.2.1.22), one finds th at for th is choice the NSNS charge of the 



fundamental string equals the RR charge of the Dl string (3.3.0.13). This implies that the numerics 
involved in the S duality of type IIB simplifies to gj, — > 
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some probe brane at a finite distance is constant. Performing the hmit ( 4.3.1.3| ) the 
metric ( 4.3.1.2 ) becomes^ 



a 



(4.3.1.4) 



This describes an AdS^ x geometry. Before taking a short detour on the description 
of AdS^ spaces as hypersurfaces of a six dimensional space let us check the validity 
region of (4.3.1.4) by focusing on the part. The radius of the is 



(4.3.1.5) 



In order to avoid high curvature (where higher derivative corrections become impor- 
tant, or even the effective gravity description may break down) one should take this 
radius to be large, i.e. 



gsN > 1. 



(4.3.1.6) 



In addition we should keep the string coupling small which implies that the number 
of D3 branes we look at has to be large. Now, we recall that the field theory living on 
the D3 branes is = 4 supersymmetric SU [N) gauge theory. The gauge coupling 
is Qym ~ ^TT^s (see ( 2.3.3.22| )). So, at first sight it seems that the gauge coupling 
is small whenever the string coupling is small. However, we should also impose the 
condition ( |4.3.1.6 ), in particular the large N limit. For large N SU (N) gauge theories 
't Hooft developed a perturbative expansion in the parameter (the 't Hooft coupling) 
gyjy^|A^ p35| . The condition (4.3.1.6) implies that the 't Hooft coupling is large when- 
ever the effective gravity description is reliable. We will argue below that gravity (or 
closed type IIB strings) in the space ( [4.3.1.4 ) is dual to the gauge theory living on 
the D3 branes. Because of ( [4.3.1.6D this is a strong/weak coupling duality. One of 
the first things one should check before publishing a conjecture on dual pairs is that 
the global symmetries of the dual descriptions should match. (Global symmetries are 
observable.) Therefore, let us take a short detour and describe the AdS^ space as a 
hypersurface in a six dimensional space. This will enable us to see the isometrics of 
AdS^ in much the same way as one sees the SO (6) isometry of S^ when viewing it as 
a hypersurface in six dimensional space. 

The space in which we will find an AdSp^2 space as a hypersurface is a 2 + p + 1 
dimensional space with the metric 



P+i 

ds^ = -dXl^ -dXl + Y^ dXl. 

a=l 



(4.3.1.7) 



One can obtain this metric directly when drop ping the requirement of an asymptotically trivial 



background in the search for BPS branes in section 3.3 
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Analogously to a sphere, the AdSp-^-2 space is defined as the set of points satisfying 
the condition 



P+i 



-x^_^-xi + J2xl = -R' 



(4.3.1.8) 



a=l 



where R is called the radius of the AdSp+2 space. We solve this equation by 



X, 



for 1 = 0, 



P+i 



X, 



p+1 



where x 



rjijX^x^ and U and x* parameterize the hypersurface (4.3.1. 



(14.3.1. 9|) - (14.3.1. Ill) into ([4.3.1.7|) , we obtain the AdSp+2 metric 



, , ^2dU' 
-^rjijdx dx-' + R 



(4.3.1.9) 
(4.3.1.10) 

(4.3.1.11) 

Plugging 

(4.3.1.12) 



Comparison with ( 4.3.1.4| ) shows us that the limit ( [4.3.1.3| ) took us to an AdS^ x 



space where the radii of the AdS^ and the coincide and are given by (4.3.1.5). 

After this detour we can easily read of the isometrics of ( 4.3.1.41) . The isometry is 
SO (4, 2) X SO (6). These isometrics show up in the field theory on the D3 branes as 
follows. The SO (6) (= SU (4)) is the R symmetry of = 4 supersymmetric Yang- 
Mills theory. The beta function of the gauge theory vanishes exactly, i.e. the gauge 
theory is a conformal field theory. The 5*0 (4, 2) part of the isometry corresponds to 
the conformal group which is a symmetry in the gauge theory. Taking into account the 
preserved supersymmetric^, one observes that the isometry group SO (4, 2) x SO (6) 
can be extended to the superconformal group acting in the field theory. Thus the 
global symmetries of the two descriptions match. In the asymptotic region U ^ oo 
the AdS part of the metric (4.3.1.4) becomes (up to a conformal factor) the 3+1 
dimensional Minkowski space. This is the boundary of the AdS space. The SO (4, 2) 
isometry acts as the group of conformal transformations on the Minkowski space. 
In this sense, one can identify the boundary of the AdS space with the location of 
the D3 branes, although one should not think of the two descriptions simultaneously, 
because whenever the parameters are such that the gravity description is reliable, the 
perturbative description of the gauge theory breaks down and vice versa. 

Moreover, one can identify the SL{2,Z) duality of the type IIB string with the 



Montonen Olive duality|34(: , 463, 360, 457| of = 4 super Yang Mills theory. 



These are enhanced in the near horizon limit. 
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Thus, we have seen some evidence that the AdS/CFT correspondence conjecture 
holds. More checks have been performed, but we will not discuss those here. In the 
following section we want to illustrate the duality by computing Wilson loops in gauge 
theory using type IIB superstrings. Before doing so, let us summarize the AdS/CFT 
correspondence (duality) conjecture. 

• Type IIB superstrings living in an AdS^ x background are dual to open 
superstrings ending on a stack of D3 branes. 

• The AdS^ and the have the same radius whose value (in units of a') is 
related to the 't Hooft coupling of the gauge theory via equation ( [4.3.1.5| ), and 
9ym = '^^9s- 

• The type IIB string theory is in its perturbative regime if gg is small, and higher 



curvature effects are not dangerous as long as (4.3.1.6) holds. In this region, the 



gauge theory is in the large N limit and strongly coupled. 

In a somewhat weaker statement, one should replace "type IIB superstrings" by "type 
IIB supergravity" and "open strings ending on D3 branes" by = 4 SU {N) gauge 
theory. We will take the duality conjecture as stated in the items. 

4.3.2 Wilson loop computation 
4.3.2.1 Classical approximation 

A Wilson loop is the (normalized) partition function of gauge theory in the presence 
of an external quark anti-quark pair. A perturbative description of this situation in 



a D3 brane setup for static quarks is drawn in figure [4.5| . In order to employ the 
AdS/CFT duality conjecture, we need to translate figure 4.5 to type IIB strings living 
on AdS^ X . The prescription is that the open strings in figure 4.5 translate into 
a background string of type IIB theory on AdS^ x S^. In the previous section we 
have argued that the position of the A'^ D3 branes is translated to the boundary of the 
AdS^ space. (We should point out again that the emphasis is on "translated" since 
the gauge theory description breaks down whenever the AdS prescription is reliable.) 
Therefore, the background string should fulfill the boundary condition that its ends on 
the AdS 5 boundary are separated by a distance L. Classically, the background string 
is then uniquely determined by the requirement of minimal worldsheet area. As we 



will see in a moment, the picture drawn in figure 4^ arises. The fact that the string 
with minimal area goes down from the boundary into the AdS space and up again to 
satisfy the boundary condition is a result of the non trivial metric. The corresponding 



4. Wilson loop computation 



150 




Figure 4.5: The perturbative Wilson loop setup. The quark anti-quark pair cor- 
responds to the ends of open strings on the N D3 branes. The open strings have 
opposite orientation. The quark anti-quark pair is chosen to be static. The dynamics 
of the quarks decouples as long as the single D3 brane is very far away from the A'^ D3 
branes. The distance between the quark and the anti-quark is L. 




Figure 4.6: The non perturbative Wilson loop setup. The quark anti-quark pair 
corresponds to a background string ending on the AdS^ boundary. 
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calculation can be carried out explicitly. For the sake of a minor simplification, we 
redefine the coordinate U = such that the metric ( 4.3.1.4| ) reads 



u rjijdx ax-' H tt + dil 



(4.3.2.1) 



(4.3.2.2) 



The worldsheet of the background string is 

where gap is the induced metric ( 2.1.1.2| ). As an ansatz for the background string we 
take 

X° = r , X^=a , X^ = U{a), (4.3.2.3) 
and the rest of the string positions is constant in a and r. The indices are assigned in 



the order in which coordinates appear in (14.3.2. 1| ), and = U (the capital U denotes 
the string position in the space with the metric ( [4.3.2.1D and should not be confused 
with the capital U in ( 4.3.1.3| )). The first two equations in ( [4.3.2.3| ) represent the static 
gauge and the sigma dependence of U allows for the string to describe the curve of 
figure 4.G. This is the simplest consistent ansatz for the given boundary conditions. 
The induced metric is 



[/2 



da' 



and thus the Nambu-Goto action ( 4.3.2.2| ) reads 



S 



da 



(4.3.2.4) 



(4.3.2.5) 



where T denotes the time interval we are considering and we have set a' to one {R? 
is then a dimensionless quantity giving the AdS radius in units of a'). The action 
( 4.3.2.5 ) (and also the Lagrange density C obtained by dividing S by T) does not 
depend explicitly on a. This implies 

d£ 
da 



= — 



dC 



dU 



dC 



d{d^U) 

c 



+ 



dC 



da 



(4.3.2.6) 



where the Euler-Lagrange equations have been used in the last step. For our system 
we obtain 



7/2 
^0 



<^0 ' 



(4.3.2.7) 
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where Uo is a constant related to the integration constant of the last equation in 
( [4.3.2.6| ). Uq is the lower bound on the curve in figure (|4.6| ) at o" = 0. Thus, we can 
solve for o" as a function of U 



U Tj2 



a = ± dU , " (4.3.2.8) 



where the plus-minus sign appears due to the two branches of the curve in figure |4.6| 
(fj is a horizontal coordinate and U a vertical one in this figure). At the boundary 
(f7 ^ oo) the difference between the two values of a should be L. Some straightforward 



manipulations with the integral in (4.3.2.8) yield 



L 1 /3 1\ , , 

T'o h (4.3.2.9) 



2 4[/o V4 2 
where 

5 (a, /?) = /^xx"- (1 - x)^- = ^MI^ 
Jo r (a + (i) 

denotes Euler's Beta function. Using the identities 

xr(x) = r(x + i) , r(x)r(i-x) = -^ , t(]^=V^ 

sm Tlx \l J 

one finds for the integration constant 

3 

Uo = (4.3.2.10) 

r(i)^L 

This shows our earlier statement that the background string is uniquely determined 
by the boundary condition. The Wilson loop W [C] is the partition function for the 
background string. For the classical approximation we find 

Ty[C] = e-^^, (4.3.2.11) 

with 



f da^{d^uf + U\ (4.3.2.12) 



Plugging in the classical solution ( [4.3.2.7| ) (and taking into account a factor of two due 
to the two branches) yields 

752 f-oo tt2 

E=— dU , (4.3.2.13) 

Now we split this integral into two pieces (the motivation for this will become clear 
below) 

E = Ec + Es, (4.3.2.14) 
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with 



Es = — 



IT 



dU- , 



77I' 



and 



•^0 



n2 foc 

Ec = -— / dU- ^ 



•^0 



(4.3.2.15) 



(4.3.2.16) 



Let us first discuss the integral Eg. This integral is divergent due to the upper inte- 



gration bound and we regularize it by a cutoff C/„ 
large Umax is 



The asymptotic expansion for 



E. 



R^Un 



vr 



dy- 



R^Uo 



vr 



1 

if 

vr 



-u, 



+ ... , 



(4.3.2.17) 

where the dots stand for terms going to zero as Umax is taken to infinity. Thus, Eg 
corresponds to the self energy of the two strings in figure 4^. It does not depend on the 
distance L and diverges as the length of the string is taken to infinity. Here, we observe 
one interesting feature of the AdS/CFT correspondence. From the AdS perspective 
Umax is a large distance, i.e. an IR cutoff. On the field theory side this appears as 
a cutoff for high energies, i.e. a UV cutoff. This interchange between infrared and 



ultraviolet cutoffs is a general characteristics of the correspondence [434]. Let us give a 
technical remark in connection with the integral Eg. Plugging in our classical solution 
( |4.3.2.7| ) into the induced metric p.3.2.4| ), we find the classical value of the induced 

ia/3) 



metric (for later use we call this R^hc 



^^class 



R^Kpda'^daf^ = R^ 



TP 

-UV + ^da' 



The scalar curvature computed from h^p reads 

u^ + u^ 



C/4 



(4.3.2.18) 



(4.3.2.19) 



With this information it is easy to verify that the structure of the self energy integral 
is 



E, 



AttT 



d^ay 



(4.3.2.20) 



(This does not contradict the Gauss-Bonnet theorem because the worldsheet of the 
background string is not compact.) 
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Now, let us come to the second contribution in (4.3.2.14). This will turn out to be 
the more interesting one. Its computation is quite similar to the computation of Uq in 
terms of L. Therefore, let us just give the result 



Ec = ^7-4 , 4.3.2.21 



where (4.3.1.5) and Qym ~ "^"^ds has been used. This is the part of the quark anti-quark 
potential which arises due to gluon exchange among the two quarks. It is a Coulomb 
potential. Since L is the only scale appearing in the setup and AA = 4 supersymmetric 
Yang-Mills theory has a conformal symmetry, there can be only a Coulomb potential. 
Anything else would need another scale to produce an energy, but this cannot appear 
due to conformal invar iance. 

In that respect models with less or none supersymmetry are more interesting be- 
cause one can observe confinement in those models. The corresponding literature is 
listed in chapter ^. The case we are considering here, is the one where the AdS/CFT 
correspondence is perhaps best understood. We will study a question which is inter- 
esting from a more theoretical perspective, namely whether there are corrections to 



the result (|4.3.2.2lD . 



4.3.2.2 Stringy corrections 

Before discussing corrections to ( [4.3.2.2l| ) we should envisage the possibility that 
( [4.3.2.2l| ) is an exact result. There are some results which may lead to this con- 
clusion. By analyzing the structure of possible corrections to the AdS^ x geometry. 



physicists 143, 34C, |276[| found that this geometry is exact. Still, there is a very simple 



argument destroying the hope that (4.3.2.21) might be exact. Namely, the above Wil 



son loop computation can also be performed in the perturbative regime, where the 't 
Hooft coupling is small. Then one finds, of course, also a Coulomb law but the depen- 
dence on the 't Hooft coupling is linear instead of a square root dependence (which 
actually cannot be obtained in a perturbative calculation). This does not contradict 
the result ( [4.3.2.21 ) but tells us that taking the 't Hooft coupling smaller should result 



in corrections such that finally for very small 't Hooft coupling the square root like 
dependence goes over into a linear one. 

After we have excluded corrections to the AdS^ x geometry, we will study 



fluctuations of the IIB string around the background string in figure 4.6. That is, we 



consider the Wilson loop as the quantum mechanical partition function 

W[C] = j [V6X][V6e]e-^"B^^+^^'^^\ (4.3.2.22) 
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where 5X denote bosonic fluctuations and 56 fermionic ones (the fermionic background 
of the string is trivial). Before going into the details of the computation, let us describe 
the expansion we are going to perform. From ( [4.3.2.2 ) and (4.3.2.1) we see that the 



square root of the 't Hooft coupling appears as an overall constant in front of the metric. 
(This is also true for terms containing fermions.) Therefore, the expansion parameter h 



or a' in section |2. 1.3) is identified with the inverse square root of the 't Hooft coupling. 



The expression ( [4.3.2.221 ) can be computed as a power series in this parameter. In 



particular, the next to leading order correction to ( 4.3.2.21 ) will not depend on the 't 
Hooft coupling. It is this correction we will discuss in some detail in the following. In 
order to be able to use ( 4.3.2.22] ) for explicit calculations we need to know the type 



IIB string action in an AdS^ x background. Fortunately, this has been constructed 
in the literature |[34[1[| . These authors gave a type IIB action in the Green Schwarz 
formalism, which is appropriate in the presence of non-trivial RR backgrounds. The 



construction is similar to the one discussed in section 2.1.1.3. One uses target space 
supersymmetry and kappa symmetry as a guide. The technicalities are rather involved 
and we will not discuss them here. Because we will restrict ourselves to terms second 
order in fluctuations we only need a truncated version of the action of type IIB strings 
on AdS^ X . The complete action does not contain terms with an odd number of 
target space fermions, in particular no terms linear in target space fermions. Since the 
fermionic background is trivial, contributions quadratic in fluctuations can either have 
two fermionic fluctuations and no bosonic fluctuation or only bosonic fluctuations. 
The part of the action which is quadratic in the fluctuations consists of a sum of terms 
with only bosonic fluctuations and terms with only fermionic fluctuations. 

Let us discuss the bosonic fluctuations first. The type IIB action is a kappa 



symmetric extension of ( [1.3.2.2 ). For the bosonic fluctuations only the contribution 



( [1.3.2.2[ ) is relevant (for the lowest non trivial contribution) . As in section p. 1.3 we pa- 



rameterize the fluctuations by tangent vectors to geodesies connecting the background 
with the actual value, i.e. we perform a normal coordinate expansion. The quantum 
fields are 

^ ^a^M^ (4.3.2.23) 

where are the vielbein components obtained by taking the square root of the 
diagonal metric components. A number as a label on a ^ will stand for a flat index 
(a), unless stated explicitly otherwise. The computation of the term second order in 



the is a bit lengthy but straightforward with the information given in section 2.1.3 



(The only difference to section 2.1.3 is that we expand now a Nambu-Goto action 



instead of a Polyakov action.) Before giving the result it is useful to perform a local 



4. Wilson loop computation 



156 




Figure 4.7: Perpendicular and longitudinal fluctuations in the one-four plane. 



Lorentz rotation in the space spanned by the The rotation i^ 



ell 



cos a sm a 
— sin a cos a 



(4.3.2.24) 



with 



cos a = —r , sm a 



(4.3.2.25) 



Note that the determinant of the matrix appearing in (4.3.2.24) is one. The fields 
and e-*" describe fluctuations parallel and perpendicular to the worldsheet, respectively. 



This is illustrated in figure 4.7. Fluctuations drawn into figure 4.7 carry Einstein in 



dices which we indicated explicitly. The angle 7 is given by the slope of the background 
string 



tan 7 = dfjU. 



The combination 



vanishes for 



tan 7 



(4.3.2.26) 



(4.3.2.27) 



(4.3.2.28) 



^We employ the symmetry of the background string and take < ct < and the plus sign in 
(|4.3.2.7|). 
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i.e. if + ^^'=^ is tangent to the background string. Thus, the combination in 
( [4.3.2.271 ) is normal to the background string. Transforming the indices to flat ones 
(with the vielbein) and ortho- normalization yields and with the given interpre- 
tation. When writing down the Lagrangian second order in the fluctuations, we can 
set R = 1 since we know the general R dependence {viz. none) from the argument 
given above. The Lagrangian for the bosonic fluctuations comes out to be 



C 



(2) 

bosons 



(4.3.2.29) 



with 



C 



(2) 

AdSs 



j2 eAe-2{ef-2{e)' 

=2,3,± 



(2) 



(4.3.2.30) 
(4.3.2.31) 



a' =5 



where total derivative terms have been dropped (the fluctuations should satisfy Dirich- 
let boundary conditions in order not to change the classical boundary conditions). 
Further, A denotes the two dimensional Laplacian with respect to the metric /iq,^ 
( [4.3.2. 18| ) and R^"^^ is the corresponding scalar curvature ( 4.3.2.19 ). We observe that 
the longitudinal fluctuations and ,^1' drop out of the action. Hence, we can fix the 
worldsheet diffeomorphisms via 



0. 



(4.3.2.32) 



If the normalization of the functional integral in (4.3.2.22) contains a division by the 
volume of the worldsheet diffeomorphisms, we cancel the and .^1' integration against 
this term in the normalization. This may be problematic, and we will comment on 
this issue later. 

It remains to study the fermionic fluctuations. Since the fermionic background is 
trivial we just need to copy the Lagrangian from |34C| ] (truncated to quadratic terms) 
and to plug in our background. The result of the copying task is 



-hh 



a/3 



El 



-ie'^PE' 



(4.3.2.33) 



First, we need to explain some of the notation. The index a = 0, . . . ,9 labels the 
tangent space coordinates of AdS^ x S^. Later, we will use an index a = 0, . . . ,4 for 
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the tangent space of AdS^ and a' = 5, . . . , 9 for the tangent space of S^. The vielbein 
with a worldsheet index is 



where is the position of the background string. The indices /, J 
two target space supersymmetries. The derivative Da is defined as 



(4.3.2.34) 
1,2 label the 



1 



JJ 



{daX^')E-^ro' 



(4.3.2.35) 



Here, denotes the target space spin connection and we have used the fact that our 



background is trivial in directions. The gamma matrices 7" 



satisfy 



SO (4, 1) and SO (5) Clifford algebras, respectively. The 0^ are sixteen component 
spinors each. They are conveniently labeled by a double spinor index 0""' where a is 
a spinor index in the tangent space of the AdS^ , and a' a spinor index in the tangent 
space of S^. The 7" and 7*^' are four times four matrices tensored with four times 
four identity matrices. (In the following we will suppress target space spinor indices 
in order to avoid confusion with worldsheet indices which are also labeled by small 
Greeks.) 



We do not intend to give a derivation of ( 4.3.2.33 ) but let us have a brief look 
at its structure before proceeding. Expression ( |4.3.2.35| ) is a tensor (density) with 
indices a/3 contracted either with /i"^ or e"^. The terms with /i"'^ can be thought 
of as arising from the replacement ( p. 1.1. 36 ) ^ whereas the e"'^ contracted terms come 
from the Wess Zumino term ( p. 1.1. 38 ) needed for kappa symmetry. The details differ 
from the discussion in section p.l.l.3| due to the different target space geometry and 
the RR four form flux. 

For our background, the Lagrangian ( [4.3.2.33] ) can be written in a compact way 



-h{e\ 



' 2iE"^ {daX>') -i^Vl^Vp 1 - B 



-1-B 2iE-idaX'^)j^vfVf3 




where X^ stands for the background position of the string and 



B 



,a/3 



1 



-h 



^^^ElEl{daX^)[dpXni 



ah 



(4.3.2.36) 



(4.3.2.37) 
(4.3.2.38) 



*In general, the combination in ( ]2.1.1.36 ) contains also terms higher than quadratic order in the 
fermions. This is because the superalgebra is altered in the AdS^ x 5*^ case as compared to a flat 
target space. This should be clear by noting that the isometries form a subgroup of the supersymmetry 
transformations. 
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As usual, a gamma with a multiple index is the antisymmetrised product of gamma 
matrices. 

It is useful to perform the rotation ( ^■3.2.2^ ) also on the spinors (with a as given 
in ( [4.3.2.251 )) 



= [cos — — sm ^7 j w ■ 



-- , , . (4.3.2.39) 

2 2 ' y ^ ^ ' 

In order to compute the partition function, we should fix the kappa symmetry. This 
is conveniently done in terms of the nilpotent matrices 



1 



7 



^(7°±y). 



In analogy to section 2.1.1.3, we choose the kappa fixing conditions 



^-^^ = , 7+^-2 



0. 



(4.3.2.40) 



(4.3.2.41) 



We assume that the integration over spinors not satisfying ( 4.3.2.41 ) cancels the volume 
of kappa transformations appearing as a normalization factor in the functional integral. 
This may be problematic, and we will comment on this issue later. Spinors satisfying 
the kappa fixing condition are then governed by the Lagrangian 



i7+V+ 2 
-2 i7-V_ 



where V-t are tangent space derivatives defined as follows 



1 r/^ 



(4.3.2.42) 



(4.3.2.43) 



where and e\ are two dimensional (inverse) vielbein components obtained from the 
square roots of the diagonal elements of /i"^. Note also that the covariant derivative 
simplifies when acting on spinors satisfying ( [4.3.2.4l| ). Defining partial tangent space 
derivatives analogously to ( [4.3.2.43 ) one finds 



where 



(4.3.2.44) 



(4.3.2.45) 



are tangent space components of the two dimensional spin connection u!^ computed 
from the zweibeinen defined in ( [4.3.2.43 ). Let us further define the matrices 





7° 



-7 








(4.3.2.46) 
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These are the same matrices as in ( p.1.1.17 ) with i replaced by Finally, we 



rewrite ( 4.3.2.42 ) in a suggestive way as follows 

Cf = {■ip2, -ipi) 

= -Vh (-02, --01) 




) 


(::) 






)( 






. ^2 j 



(4.3.2.47) 



where in the second line ( [4. 3.2. 41] ) has been used and a repeated index m stands 
for the sum over the labels + and — . Comparison with the expressions in section 
2.1. 1.2] shows that the part of the action containing target space spinor fluctuations 
'metamorphosed' into an action for worldsheet spinors after imposing the kappa fixing 



condition (4.3.2.41). The difference is that the derivative contains the spin connection 
due to the non trivial worldsheet metric ha/s ( 4.3.2.18| ), and the mass terms appearing 
due to the constant non vanishing curvature of the AdS space. 

Now we have collected all the information needed to express the second order fluctu- 
ation contribution to ( [4.3.2.22 ) in terms of determinants of two dimensional differential 
operators. (For Dirac operators one uses the formal identity det A = V det A^.) 

Integration over the fluctuations leads to determinants of operators which can be 
read off from ( [4.3.2.30| ), ( |4.3.2.31|) and (|4.3.2.47| ). The corrected expression for the 
Wilson loop reads 



W[C] 



det (-Ap 



(4.3.2.48) 



det (-A + 2) det2 (-A + 4 - i?(2)) det2 (-A) 

The exponential is the classical contribution with Edass given by ( f4.3.2.14] ), ( [4.3.2.20 ) 
and ( 4.3.2.21 ). Note also that the operator appearing in the numerator of ([4.3.2.48 ) is a 



four times four matrix. The Laplacian acting on worldsheet fermions A^? is ?/™"V„Vm- 
Unfortunately it is not known how to evaluate the determinants in ( [4.3.2.481) exactly. 



What is known exactly are the divergent contributions. These are given in ( 2.1.3.33 ). 
They are of the form 



Edi' 



(fay 



(4.3.2.49) 



Comparing with ( 4.3.2.20 ), we find that this divergence renormalizes the self-energy 
which is infinite anyway. A correction to the Coulomb charge of the quarks will be 
finite. Unfortunately, we cannot give it in a more explicit way (as a number). 

In addition, there is also a conceptual puzzle with the divergent contribution. 
Although for our problem it is not relevant, it should not be there. The argument 
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that something might have gone wrong goes as follows. The string action is equivalent 
to a Polyakov type action, at least at a classical level (see section ( |2. 1.1.1 )). The 
Polyakov action is conformally invariant, and in a consistent string background the 
conformal invariance should not be broken by quantum effects. Therefore, divergences 
which introduce a cutoff (or renormalization group scale) cannot occur. Indeed, it 
was argued in|149| that a treatment analogous to ours but with a Polyakov instead 
of the Nambu-Goto action leads to a finite result. This treatment is a bit more 
complicated since the worldsheet metric appears as an independent field which also 
fluctuates. The advantage is however that subtle contributions due to the occurring 
integral measures are well understood. Such contributions are typically of the structure 
( [4.3.2.49| )[ p!^ , p.93| , p28| j. (Note, however, that if the worldsheet metric is identified with 
the induced metric, the term in ( 4.3.2.49 ) is not really distinguishable from {dX)^ 
terms (see e.g. |l55| ])). In our derivation, we have mentioned already two places where 
nontrivial measure contributions could arise. This could happen when we cancel the 
integration over the longitudinal fluctuations against the volume of the worldsheet 
diffeomorphisms and in the kappa fixing procedure. Unfortunately, the Nambu-Goto 
case is less understood than the Polyakov formulation. (For a recent attempt to fix 
the functional measures in the bosonic part see|347|.) Fortunately, the result of the 



better understood calculation in the Polyakov approach is identical to the one given 
here (up to the irrelevant divergence) |149|] . 

With these open questions we close our discussion on the AdS/CFT correspon- 
dence. The reader who wants to know more will find some references in chapter ^. 



4.4 Strings at a TeV 

So far we have not determined the numerical value of the string scale (set by a') in 
terms of a number. We restricted our discussions mostly to the massless excitations 
of the string. This was motivated by the belief that the string scale (in energies) 
is large compared to observed energy scales. Often it is comparable to the Planck 
scale. This identification is motivated by studies of heterotic weakly coupled strings 
which provided for a long time the most promising starting point in constructing 
phenomenologically interesting models. Such models are obtained by compactifying 
the ten dimensional heterotic (mostly x E^) string down to four dimensions on a 
Calabi-Yau manifold. Let us give a rough estimate for the resulting four dimensional 
couplings. The effective four dimensional heterotic action is of the form 

Shet = I d'x^ (Z^ - l-hiF^ + ...), (4.4.0.1) 
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where we drop details wliich are not relevant for the present estimate on scales. In 
([4.4.0. 1|) Ih is the heterotic string scale (set by a'), gt the heterotic string coupling 
(fixed by the dilaton vev), and V is the volume of the compact space. The quantities 
in which four dimensional physics is usually described are the four dimensional Planck 
mass Mp and the gauge coupling qym- These are related to the input data {g^, Ih and 
V) as follows 



r2 y IV 



y/i'/i yyM yh'-h 
Expressing g^ in the first equation in terms of the second equation and further defining 
the string mass scale as = 1/lh the above equation can be rewritten as 



Mh = gvAiMp , gt = gvM-is-- (4.4.0.3) 

'■h 

Now we assume that a gYM ^ 0.2 is a realistic value. (This is the gauge coupling of 
the minimal supersymmetric standard model at the GUT scale.) Plugging gvM = 0.2 
into the first equation in ( [4.4.0.3 ) we find that the heterotic string scale is 

Mh ~ lO^^GeV, (4.4.0.4) 

i.e. of the order of the Planck scale. The second equation in ( [1.4.0.3 ) implies that the 
compact space is also of the Planck size if we want to stay within the region where the 
string coupling is small. 

Now let us investigate how the above estimates on scales are altered in a the- 
ory containing branes. Phenomenologically interesting models arise also as orientifold 
compactifications of type II theories. As we have seen in section these contain typ- 
ically D-branes on which the gauge interactions are localized whereas the gravitational 
sector corresponds to closed string excitations which propagate in all dimensions. As- 
suming that the gauge sector (and charged matter) is confined to live on Dp-branes 
the effective action for the orientifold compactification will be of the form 



Sori = / d'^'x^-^R- / dP+'x zrstrF^ (4.4.0.5) 

where Ijj and gu are the string scale and coupling of the underlying type II theory, 
respectively. Assuming further that our orientifold construction is such that the com- 
pact space has dimensions which are transverse to all relevant D-branes we denote by 
V± the volume of the compact space transverse to the branes and by V|| the volume of 
the compact space longitudinal to the branes (such that the overall compact volume 
is V = ViV\\). With this notation the four dimensional action reads 



Sori= d^x^-^R- d^x ^trF^, (4.4.0.6) 
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from which we obtain the four dimensional Planck length Ip and gauge coupling gvM 

1 VuV± 1 Vu ^ ^ 

— = " = — (4 4 7) 

V y//'// Sym giihi 

Hence, the four dimensional Planck mass (Mp = 1/lp) and the string coupling gjj are 

= . , gn = gl^MV\\, (4.4.0.8) 

^^11 {9ym) 

where 

^||=Vj|/,V ' «± = ^±^f7' (4-4.0.9) 

are dimensionless numbers describing the size of the compact space in string scale 
units. The relations ( [4.4.0.8 ) allow to take the string length /// larger than the four 



dimensional Planck length Ip. This can be achieved by taking v± large. The size of the 
parallel volume is taken to be of the "string size", i.e. f|| ^ 1. If the parallel volume is 
smaller than the string size, we T-dualize with respect to the smaller dimension. This 
dimension will then contribute to the perpendicular volume since the string changes 
boundary conditions. Hence, the < 1 case is T dual to the considered case of large 
v±. On the other hand if U|| > 1, the second equation in ( 4.4.0.8| ) tells us that in this 



case the string coupling becomes strong, and our description breaks down. (Moreover, 
it is problematic for gauge interactions to be compactified on large volumes because 
the corrections to the four dimensional gauge interactions are usually ruled out by 
experimental accuracy.) 

Let us analyse in some detail what happens if we choose a TeV for the string scale. 
This is about the lowest value which is just in agreement with experiments. (For a 
lower value massive string excitations should have shown up in collider experiments.) 
With Mp ~ lO^^TeV we find 



v± ~ 10^^ ^ V± = 10^8 (4.4.0.10) 

The Planck length is about 10~'^^cm and hence in our units one TeV corresponds to 
1/ (lO^^^m). Thus we obtain 

Vi_ ~ io28-(9-P)i8 (mf-P . (4.4.0.11) 

For the case p = 8 (one extra large dimension) we obtain that the perpendicular 
dimension is compactified on a circle of the size 

p = 8 i?_L ~ 10^°km. (4.4.0.12) 
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Such a value is certainly excluded by observations. (In the next subsection we will 
compute corrections to Newton's law due to Kaluza-Klein massive gravitons and see 
that the size of the compact space should be less than a mm.) For p = 7 we obtain 
(distributing the perpendicular volume equally on the two (extra large) dimensions) 

p = 7 ^ ii_L ~ 0.1mm. (4.4.0.13) 

This value is just at the edge of being experimentally excluded. The situation improves 
the more extra large dimensions there are. For example in the case p = 3 (and again 
a uniform distribution of the perpendicular volume on the six dimensions (Vj_ = R^)) 
we obtain 

p = 3 R±r^ 10~^°m, (4.4.0.14) 

which is in good agreement with the experimental value {R^^^ = 0... 0.1mm). 

We have seen that D branes allow the construction of models where the string 
scale is as low as a TeV. (Note also, that in the above discussion we can perform 
T-dualities along the string sized parallel dimensions. This changes p but leaves the 
large extra dimensions unchanged. Actually, it might be preferable to have p = 3 in 
order to avoid Kaluza-Klein gauge bosons of a TeV mass.) This gives the exciting 
perspective that string theory might be at the horizon of experimental discovery. In 
near future collider experiments, massive string modes would be visible. In addition, 
the extra large dimensions could be also discovered soon. This can happen either by 
the production of Kaluza-Klein gravitons in particle collisions or by short distance 
Cavendish like experiments. However, it might as well be the case that models with 
less "near future discovery potential" are realized in nature. 

Apart from the prospect of being observed soon, strings at a TeV scale are interest- 
ing for another reason. If the string scale is at a TeV, we would call this a fundamental 
scale. Thus the hierarchy problem would be rephrased. With the fundamental scale at 
a TeV we should wonder why the (four dimensional) Planck scale is so much higher, or 
why gravitational interactions are so much weaker than the other known interactions. 
This hierarchy is now attributed to the size of the extra large dimensions. Super- 
symmetry may not be necessary to explain the hierarchy between the Planck scale 
and the weak scale. Therefore, in the above models supersymmetry could be broken 
already by the compactification. In such models the question of stability is typically 
a problematic issue. 

The above considerations are also interesting if one does not insist on a direct 
connection to string theory. If one just starts 'by hand' with a higher dimensional 
setup containing branes, one would also obtain the first equation in ( [4.4.0.8 ). In this 
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case, one calls Iji the higher dimensional Planck length, which in turn can be chosen 
to be 1/TeV. 

4.4.1 Corrections to Newton's law 

In the previous section we stated that observations provide experimental bounds on 
the size of extra dimensions. In the brane setup in which we found the possibility of 
large (as compared to the Planck length) extra dimensions, these extra dimensions 
are typically tested only by gravitational interactions. Therefore, let us describe the 
influence of additional dimensions on the gravitational interaction in some more detail. 
We will be interested in the Newtonian limit of gravity. For simplicity, we assume that 
the space is of the structure M4 x T", where M4 is the 3 + 1 dimensional compact 
space and T" is an n dimensional torus of large volume. (There might be an additional 
compact space of Planck size. This does not enter the computation carried out below.) 
The analysis we will carry out here is similar to the discussion of the massless scalar 



in section 2.1.5.1, where the role of the scalar is taken over by the Newton potential. 
Let us arrange the spatial coordinates into a vector (x, y), where x corresponds to 
the and y to the T". For simplicity we assume that the torus is described by a 
quadratic lattice and the uniform length of a cycle is 27ri?, i.e. 

y = y + 2TTR. (4.4.1.15) 

The n + 4 dimensional Newton potential of a point particle with mass /i located 
at the origin is given by the equation 

A„+3K+4 = (n + 1) Qn+2Gn+A 5^"+'^ (x, y) , (4.4.1.16) 

where A„-|_3 is the three dimensional flat Laplacian and is the volume of a unit 

n + 2 sphere. Any solution to (4.4.1.16) should be periodic under (4.4.1.15). This can 



be ensured by expanding the potential in terms of eigenfunctions ^p k (y) of a Laplace 
operator. The eigenvalue equation is 

A„Vk (y) = -m^V^k (y) . (4.4.1.17) 
Thus an orthonormal set of eigenfunctions is 

V'k = , \. e^^y, (4.4.1.18) 
(27ri?)2 

where k is an n dimensional vector with integer entries. We expand the higher di- 
mensional Newton potential into a series of the eigenfunctions with r = |x| dependent 
coefficients 

K+4 = 5^</>k(r)V'k(y). (4.4.1.19) 
k 
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Plugging this ansatz into equation (4.4.1.16) determines the Fourier coefficients]^ 



K (r) = (4.4.1.20) 
2 r 

Now, we consider the case that all particles with which we can test the gravitational 
potential are localized at y = 0. (This is natural from the brane picture since we can 
test gravity only with matter which is confined to live on the brane. Recall that we 
neglected the effects of the Planck sized longitudinal compact dimensions.) We are 
interested in the Newton potential at y = 0. This comes out to be 

F4 = K+4 = E^"'^' (4.4.1.21) 

k 

where the four dimensional and the higher dimensional Newton constant are related 
via 

For k = we obtain the usual four dimensional Newton potential. The other terms 
are additive Yukawa potentials. They arise due to the exchange of massive Kaluza 
Klein gravitons. 

Experimentalists usually parameterize deviations from Newton's law via the ex- 
pression |]323(| 

V^{r) = -^(l + ae'iy (4.4.1.23) 

In the paper p23| ] the experimental values are discussed. These maybe outdated by 
now but for us only the order of magnitude is important (and the fact that so far no 
deviation from Newton's law has been observed). Depending on the size of a an upper 
bound on A varying from the /xm range to the cm range has been measured. This tells 
us that a scenario with two extra large dimensions is almost excluded whereas setups 
with more than two extra large dimensions are in agreement with the experimental 
tests of Newton's law. 



Here, one uses the completeness relation satisfied by the i/)k- 



Chapter 5 

Brane world setups 



In the last section of the previous chapter we have argued that branes allow for scenar- 
ios with large extra dimensions transverse to the brane. This is because those extra 
large dimensions can be tested only via gravitational interactions which arc (due to 
their weakness) measured only at scales down to about 0.1 mm. We obtained such 
models via investigations of string theory. One could, however, just postulate the exis- 
tence of branes (on which charged interactions are located). In this last chapter we will 
take this latter point of view and not worry whether the setups we are going to discuss 
have a stringy origin. Because in the presence of branes we can attribute the hierarchy 
between the Planck and the weak scale to the size of the transverse dimensions, we 
do not need supersymmetry in such setups. Without supersymmetry, quantum effects 
usually create vacuum energies. A non vanishing vacuum energy on a brane will back 
react on the geometry of the space in which the brane lives. Taking into account such 
back reactions leads to so called warped compactifications. This means that the higher 
dimensional geometry is sensitive to the position of a brane. The most prominent ex- 
ample of such warped compactifications are the Randall Sundrum models which we 
will discuss next. 

5.1 The Randall Sundrum models 
5.1.1 The RSI model with two branes 

In the model we are going to describe in this section there is one extra dimension which 
will be denoted by (p. The five dimensional space is a foliation with four dimensional 
Minkowski slices. The fifth dimension is compactified on an orbifold S^/Z2. 3-branes 
are located at the orbifold fixed planes (at = and <j) = tt) . Hence the action is of 
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the form 



S — Sbuik + Sbi + Sb2, 



(5.1.1.1) 



where and Sh2 denote the actions on the branes. For the bulk action we take five 
dimensional gravity with a bulk cosmological constant, 



S> 



bulk 



(fx 



-G {2M^R - A) 



(5.1.1.2) 



where M denotes the five dimensional Planck mass and Gmn is the five dimensional 
metric. The branes are located in (p and we identify the brane coordinates with the 
remaining 5d coordinates x^, = 0, . . . ,3. Then the induced metrics on the branes 
are simply 



G^lv\^=Q , — (5.1.1.3) 

We assume that fields being localized on the brane are in the trivial vacuum and 
take into account only nonzero vacuum energies on the branes. Calling those vacuum 
energies Ti and T2, the brane actions read 



(5.1.1.4) 



where the first (second) term on the Ihs is attributed to the first (second) term on 
the rhs. Instead of working out the solutions to the system on an interval 3^/1^2 it 
is technically easier to construct a solution in a non compact space, such that the 
solution is periodic in 



and even under 



(5.1.1.5) 



(5.1.1.6) 



A vacuum with this property yields then automatically a compact interval in (p. (The 
equivalent^ and more complicated alternative is to define the theory on an interval from 
the very beginning and take into account surface terms when deriving the equations 



of motion as well as Gibbons Hawking |200| boundary terms (for a discussion in the 



context of brane worlds see also [132, |133f| ).) With these remarks the Einstein equations 
of motion read (capital indices run over all dimensions M, = 0, . . . ,4) 

1 



G Rmn — -^^Gmn 



4M3 



i=l 



(5.1.1.7) 



acknowledge discussions with Radoslaw Matyszkiewicz on this topic. 
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Figure 5.1: The periodic modulus function. 



with (pi = and (j)2 = t^- The delta functions appearing on the rhs of ( ^.1.1.7 ) are 



defined on a real line. The most general metric ansatz possessing a four dimensional 
Poincare transformation as isometry is 

ds^ = e-'^"^'^^r]^^dx^'dx'' + rldcl?. (5.1.1.8) 

We could rescale 4> such that the Tc dependence drops out, but that would change 
the periodicity condition ( [5.1.1.5 ). Plugging this ansatz into the equations of motion 



(15.1.1.71) yields (a prime denotes differentiation with respect to 



6(j'^ A 



r.2 4jv^3 ■ 



(5.1.1.9) 



\r'^('^) + 71^M0-vr). (5.1.1.10) 



The solution to ( 5.1.1.9| ) is 



where the modulus function is defined as usual in the interval — vr < (/> < vr, 

M = .-<0<O 
y 4) , < (/)< vr 

This ensures that the solution is even under (p — > —(p. In order to incorporate 



(5.1.1.5), we define the modulus function on the real line by the periodic continu- 



ation of (|5.1.1.12 ). The resulting function is drawn in figure |5.1[ Away from the 



points at (/) = and integer multiples of vr, the second derivative of a vanishes and 
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( 5.1.1.10| ) is fulfilled in those regions. In order to take into account the delta function 



sources in (|5.1.1.10 ), one integrates this equation over an infinitesimal neighborhood 
around the location of the brane sources. This gives rise to the constraints 

Ti = -T2 = 2AM^k ,with = (5.1.1.13) 

24M3 ^ ' 

on the parameters of the model. These constraints can be thought of as fine tuning 
conditions for a vanishing effective cosmological constant in four dimensions. We will 



come back to this point in section 5.2.3. Our final solution is 



ds^ = e-^^'^^l'^lr?^^ + rld(f\ (5.1.1.14) 



where fc^ is defined in ( [5.1.1.13 ), and we take k to be positive (for a negative k just 
redefine </) — > vr — (/>) . 

We observe that by taking into account the back reaction of the branes onto the 
geometry, we obtain a metric which depends on the position in the compact direction. 
For the particular model we consider this dependence is exponential. That opens up 
an interesting alternative explanation for the large hierarchy between the Planck scale 
and the weak scale. We take all the input scales (M, A , Tc) to be of the order of the 
Planck scale. First, we should check whether this provides the correct four dimensional 
Planck mass. To this end, we expand a general 4d metric around the classical solution 

ds^ = e-^^^^ {t]^^ + V) dx^'dx" + rld(P^. (5.1.1.15) 

In principle we should also allow the four-four component of the metric to fiuctuate. 
Since Vc is an integration constant, such fiuctuations will be seen as massless scalars 
in the effective four dimensional theory. This is a common problem known as moduli 
stabilization problem. We will assume here that some unknown mechanism gives a 
mass to the fiuctuations of G44 and take it to be frozen at the classical value r^. The 
Kaluza-Klein gauge fields G^4 are projected out by the Z2. Plugging ( 5.1.1.15| ) into the 



action and integrating over <j) yields the effective action for four dimensional gravity 

Seff = Ml j d^x^R^"^ (g) , (5.1.1.16) 

where R^^^ (g) denotes the four dimensional scalar curvature computed from g^i, = 
'H^iv + ^tJif ^iid the four dimensional Planck mass Mp is given by 

/IT )\#3 , , 

^^g-2fcr,|</,| ^ _ _ g-2fcr.^j _ (5.1.1.17) 

This tells us that choosing five dimensional scales of the order of the Planck scale gives 
the correct order of magnitude for the four dimensional Planck scale. 
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Now, let us consider matter living on the branes. On the first brane located at 
(p = 0, the induced metric is just the Minkowski metric and Lagrangians for matter 
living on that brane will just have their usual form. On the other hand, matter living 
on the second brane (located at (/> = vr) feels the (j) dependence of the bulk metric. Let 
us focus on a Higgs field being located at the second brane. Its action will be of the 
form 

Smggs = J d^xe-^^'^^ l^e'^'^^^rj^^" D^H^ D^H - A (\H\^ - v^Y^ , (5.1.1.18) 
where the overall exponential factor originates from the determinant of the induced 



metric. Rescaling the Higgs field H such that the kinetic term in ( 5.1.1.18 ) takes its 
canonical form induces the rescaling 



Vo Veff = e 



-'=^='^t;o- (5.1.1.19) 



This means that a symmetry breaking scale which is written as vq into the model 
effectively is multiplied by a factor of e~^'^'''" . Repeating the above argument for any 
massive field, one finds that any mass receives such a factor 

mo rueff = e"^'''=''mo, (5.1.1.20) 

when going to an effective description in which kinetic terms are canonically normal- 
ized. Choosing krc ~ 10 (which is roughly a number of order one), one can achieve 
that the exponential in (|5.1.1.20D takes Planck sized input masses to effective masses 
of the order of a TeV. Hence, in the above model we can obtain the TeV scale from 
the Planck scale without introducing large numbers, provided we live on the second 
brane. 



5.1.1.1 A proposal for radion stabilization 

In the previous section, we have already mentioned that the internal metric component 
G44 gives rise to a massless field in an effective description. This means that its vev 
Tc is very sensitive against any perturbation and rather unstable. For the discussion 
of the hierarchy problem it is important that the distance of the branes Tc is of the 
order of the Planck length. Therefore, it is desirable to stabilize this distance, i.e. 
to give a mass to Cr44 in the effective description. In the present section we briefly 
present a proposal of Goldberger and Wise how a stabilization might be achieved via 
an additional scalar living in the bulk. We will neglect the back reaction of the scalar 
field on the geometry. This means that we just consider a scalar field in the RSI 
background constructed in the previous section. The action consists out of three parts 

S = Sbuik + Sbi + Si)2, (5.1.1.21) 
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where Sbuik defines tlie five dimensional dynamics of the field and Shi and Sf)2 its 
coupling to the respective branes. We choose 

Sbuik = ljd^^ f dcbV^ [G^'^'dM^dN'^ - m2$2) , (5.1.1.22) 

where $ is the scalar field and Gmn is given in ( ^.1.1.14 ). The coupling to the branes 
is taken to be 

Sbi = - 1 d^x^/^\i{'^^-vj)\ (5.1.1.23) 

Sb2 = - j d^x^/^\2{^^-vl)\ (5.1.1.24) 

where Vi and Aj are dimensionfull parameters whose values will be discussed below. 
With the ansatz that $ does not depend on the for = 0, . . . , 3 the equation of 
motion for the scalar is 



(Akr 



+4Ai$ ($2 -vl)^M + 4A2$ - vl) = 0. (5.1.1.25) 



With v = -\/4 + ^ the solution inside the bulk < f^) < tt is written as 



$ ^ l^j^^l.r,u\<p\ ^ ^g-/cre^|0| j ^ (5.1.1.26) 

where the integration constants A and B will be fixed below. Plugging this solution 
back into the Lagrangian yields an dependent constant, i.e. a potential for the 
distance of the two branes, 



— 2ukrc'i^ 

e 



V (rc) = k{v + 2)A^ (^^2vkr,n _ 1^ + ^ _ 2) 52 

+Ai ($ (0)2 -v(f + Me-^'^'-^^ (7r)2 - v^^\ (5.1.1.27) 



Because of the dependence of <1> on the modulus function (see figure 5.1) the second 
derivative in the first term in ( 5.1.1.25 ) will lead to delta functions whose argument 
vanishes at the position of the branes. Matching this with the delta function source 
terms in ( |5.1.1.25 ) yields equations for the integration constants A and B. Instead 
of writing down and solving those equations explicitly we suppose that Ai and A2 are 
large enough for the approximation 



$ (0) = , $ (vr) = V2 



(5.1.1.28) 
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to be sufficiently accurate. In this approximation one obtains 



A = V2e-^'^+''^^''^^ - vie-'^''^''^^ , (5.1.1.29) 
B = vi (l + e-'^"''''^^) - V2e~^'^+''^^''^^ . (5.1.1.30) 



The next approximation hes in the assumption that 

,2 



m 



In evaluating the potential V (re) (5.1.1.27), we neglect terms of order e but do not 



treat ekvc as a small number. This yields 

y(r,) = kevl + Ake-^'''^^ (v2 - vie-^'^'^'^y (l + ^ 

-kevie-^^+'^''''^'' (2v2 - ?;ie-^^"^") . (5.1.1.32) 

Up to orders of e, this potential has a minimum at 

kr, = ^log(^). (5.1.1.33) 
vrm^ \V2 J 

In figure |5.2| , we have drawn the potential in a neighborhood of the minimum (using 
Maple). (What is actually drawn is V — kevf.) With the appropriate choice for the 
scales, the minimum of the potential is clearly visible. One should note, however, the 
exponentially suppressed height of the right wall of the potential. If we had chosen 



a larger scale for the drawing, figure 5.2 would just show a runaway potential which 
rapidly reaches its asymptotic value. This might be a drawback of the stabilization 
mechanism. 



The expression for the stable distance between the branes (5.1.1.33) shows that 
no extreme fine tuning is needed in order to obtain the wanted value of about ten 
for krc- It remains to investigate whether the various approximations (including the 
neglection of the back reaction) are sensible. This investigation has been carried out 
in pl5[ | by estimating the size of next to leading order corrections. The result is that 
the approximations are fine. 

To close this section, we should mention that the described stabilization method 
is often called "Goldberger Wise mechanism" in the literature. We preferred to use 
the term "proposal" because we are not certain that this mechanism is the commonly 
established method for solving the problem of moduli stabilization. We decided to 
present a brief description of the method because it is one of the most prominent lines 
of thought in the context of the Randall Sundrum model. In general, the problem of 
moduli stabilization is not very well understood. 



5. The RS2 model with one brane 



174 



6e-09 - 



4e-09 - 



2e-09 - 



-2e-09 - 



-4e-09 



-6e-09 - 




Figure 5.2: The Goldberger Wise potential for k = 10, m = 9, V2 = 1, vi 
vertical axis shows V — kevf whereas on the horizontal axis Tc is drawn. 



3. The 



5.1.2 The RS2 model with one brane 

In this section we are going to consider a variant of the model presented in section 
|5.1.1| where the second brane is removed. Since for the solution of the hierarchy it 
was essential that the observers live on this second brane, we now give up the goal of 
solving the hierarchy problem (at least temporarily). The construction of the single 
brane solution is very simple. The extra dimension is not compact anymore and 
therefore we use the coordinate y instead of (/>. We do not impose the periodicity 
condition ( |5.1.1.5| ) but still require a Z2 symmetry under 

y ^ -y. (5.1.2.34) 



Further, we remove Sb2 from the action ( ^.l.l.l ). Since the extra dimension is not 
compact, we can perform rescalings of y in order to remove the Tc dependence of the 
ansatz ( 5.1.1.8| ). Without loss of generality we take Tc = 1. Thus, in the single brane 
case, the solution for the metric is 



ds"^ = e-^''\y\r]^^dxf'dx'' + dy^. 



(5.1.2.35) 
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With a non compact extra dimension, one may worry that gravity is five dimensional 
now. However, taking the Tc — > oo limit of ( 5.1.1.17| ), one finds that the effective 
four dimensional Planck mass is finite. This means that the graviton zero mode is 
normalizable and yields a four dimensional Newton law. Apart from the zero modes, 
there will be also massive gravitons who lead to corrections of Newton's law. In the 
following subsection we will investigate these corrections. 



5.1.2.1 Corrections to Newton's law 

The Newton potential is obtained by studying fluctuations around the background 
(|5.1.2.35| ), for example 



00 



(5.1.2.36) 



where V denotes a fluctuation. In the presence of a point particle with mass at the 
origin, the non relativistic limit of the linearized equation for V reads 



As + e-2^l^l {dl + 4M (y) - Ak^)] V (x, y) = Gfi 5^^^ (x) 6 {y) , 



(5.1.2.37) 



where G is the five dimensional Newton constant. The fact that V is indeed the Newton 
potential can be confirmed by studying the geodesic equation of a point particle probe 



and comparing it with the Newton equation of motion. The equation (5.1.2.37) is the 



warped geometry analogon of equation ( 4.4.1.16 ). (The normalization of the higher 
dimensional Newton constant is not really important here.) It is useful to redefine the 
coordinate y according to 



sgn (y) 



My\ 



1 



With 



V 



k\y\ 

V {x, y) e 2 



equation ( ^.1.2.37| ) takes the form 
i.S + ot 



3k6(z] 



(5.1.2.38) 



(5.1.2.39) 



(5.1.2.40) 



4:{k\z\ + 1) 

Analogous to section |4.4.1] we plan to expand the solution V into a series of eigenfunc- 
tions, i.e. in the case at hand we are looking for solutions of the differential equation 

15A;2 



di 



4:{k\z\ + 1) 



+ 3k6{z) 



(m, z) = —m ^ (m, z) 



(5.1.2.41) 
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where we expect a continuous eigenvalue m now, since the "internal space" is not 
compact. Let us discuss first the zero mode, i.e. the solution to ( |5.1.2.4l| ) with = 0. 
The zero mode is found to beFl 



^|J0 (z) =^(0,z) 



3 ' 
|2 



{k\z\ + l) 

where Nq is an integration constant to be fixed later. Note that 

dz \z\ = sgn {z) , dzsgn (z) = 25 {z) . 



(5.1.2.42) 



(5.1.2.43) 



Now, we take m > 0. For z > the general solution to the above equation can be 
written as a superposition of Bessel functions 



ip (m, z) 



C1J2 



ni 



z + 



1 



+ C2Y2 { mi \z\ + 



(5.1.2.44) 



where Ju denotes the Bessel functions of the first kind whereas stands for the 
Bessel functions of the second kind and ci^2 are constants to be fixed below. Because 
the solution ( p. 1.2. 44] ) is written as a function of |2:|, the second derivative with respect 



to z in (5.1.2.41) will yield a term containing a 5 (z) (and other terms). One can fix 
the ratio ci/c2 by matching the factor in front of this delta function with the factor in 
front of the delta function in ( 5.1.2.44| ) . We will do this in an approximate way. The 
most severe corrections to Newton's law are to be expected from gravitons with small 
m (because they carry interactions over longer distances). In matching the coefficients 
of the delta functions, only a neighborhood around z = matters. Therefore, we 
replace the Bessel functions by their asymptotics for small arguments, which are 



J2 I m 
Y2 I m 



, 1 
, 1 



m 



1 

vr 



(5.1.2.45) 
(5.1.2.46) 



Plugging the asymptotic approximation into ( ^.1.2.44 ) and then into (5.1.2.41) one 
finds that the overall coefficient in front of the delta function vanishes if 



£1 

C2 



4fe2 



vrm 



2 ■ 



Hence, our general solution (|5.1.2.44| ) reads 

Tr . / , , 1 



ip (m, z) = N„ 



z + 



Y2 { m\z\ + 



+ 2'^2 



m 



z + 



(5.1.2.47) 



(5.1.2.48) 



^In forthcoming expressions we will always imply that m > when writing ■i/' (m, z) 
mode will be denoted by ^0 (2) from now on. 



The zero 
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where we replaced C2 = Nm because this remaining integration constant will turn out 
to depend on the eigenvalue m. 

Recall that the extra dimension y (or z) is not compact. Thus the eigenvalue m is 
continuous. Therefore, we normalize 



dz i/j [m, z) tp (m', z^ = 6 [m — m') , (5.1.2.49) 
for m, m! > 0. For m > we impose the normalization condition 

dz ipo (z) ip {m, z) = 6m,o, (5.1.2.50) 
such that the completeness relation reads 

roo 

i^Q {z) tpQ {z') + j dmtjj{m,z)^{m,z') =5{z- z') . (5.1.2.51) 



The orthonormalization condition ( p. 1.2. 49 ) fixes N^a- It turns out that the compu 



tation simplifies essentially in the approximation where the arguments of the Bessel 
functions are large, since the corresponding asymptotics yields plane waves. Explicitly, 
for large mz the Bessel functions are approximated by 



2 

vrm 


cos 


mz — 


57r 
T 


2 

■Km 


sin 


mz — 


57r' 
T 



y/zJ2{mz) ~ \j— —COS [mz ^)) (5.1.2.52) 

(5.1.2.53) 



Because we are mainly concerned about large (> /xm ^ 1/Mp) distance modifications 

2 

of Newton's law we focus on the contribution of the "light" modes ( j^- <C 1). (Recall 



that k is of the order of the Planck mass.) Then (5.1.2.49) yields for the normalization 
constant (for m > 0) 

5 

= (5.1.2.54) 



The condition (5.1.2.50) is satisfied for m > to a good approximation. Evaluating 



(|5.1.2.5q ) for m = fixes 

iVo = "/k. (5.1.2.55) 

Now, we expand V (x, z) into eigenfunctions V'o {z) and ip (m, z) with x dependent 
coefficients {x) 



oo 



y (x, z) = <y9o (x) V'o (-2) + / dmipm{x)ip {m,z) . (5.1.2.56) 
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By plugging the ansatz (5.1.2.56) into ( p.l.2.40| ), we find that for m > and r = 



iPm{x) = -^e-"''am, (5.1.2.57) 
with the constants taken such that 

aoV'o (-2) + J dmamip {m, z) = 5 (z) . (5.1.2.58) 
Comparison with ( p. 1.2.51 ) yields 

ao = Vo(0) , a^ = V(m,0). (5.1.2.59) 

In the current setup we are interested in corrections to Newton's law as an observer on 
the brane at the origin would measure them. Defining the four dimensional Newton 
constant G4 as 

G4 = Gk, (5.1.2.60) 

we find from ( |5.1.2.56| ) 

V {x, 0)=V{x,0) = -^(^l + dm ^e-"^'^ , (5.1.2.61) 

where once again we took into account only modes with m/k <^ 1 such that we could 
use the asymptotics (^.1.2.45|) and ( ^.1.2.46|) in order to evaluate il}{m,0). Finally, 
performing the integral in ( |5. 1.2.61] ) leads to 

F(x,0) = -G4- (l + 3^j . (5.1.2.62) 



For k being of the order of the Planck mass ( ^.1.2.62] ) is in very good agreement 
with the experimental values. This may look a bit surprising. Even though the extra 
dimension is not compact, we obtain a four dimensional Newton potential for observers 
who live on the brane at y = 0. This non trivial result finds its explanation in the 
exponentially warped geometry. It is this geometry which is responsible for the fact 
that the amplitude of the zero mode has its maximum at the brane and vanishes rapidly 
for finite z. On the other hand, the massive modes reach their maximal amplitudes 
asymptotically far away from the brane. Therefore, they have very little infiuence on 
the gravitational interactions on the brane, although the masses of the extra gravitons 
can be arbitrarily small. 



In the following subsection we are going to rederive (5.1.2.62) in a different way. 
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5.1.2.2 ... and the holographic principle 



In section [4.3| we have described a duality between a field theory living on the boundary 
of an AdS^ space and a theory living in the bulk of an AdS^ space. This correspondence 
is sometimes called the holographic principle since it allows to reproduce bulk data 
from boundary data (and vice versa). Now we are going to apply this principle to the 
RS2 setup. Before doing so, we will establish that the RS2 setup has something to do 
with an AdS^ space (namely it is a slice of an AdS^ space). To this end, we first write 
down the RS2 metric ( [5.1.2.35] ) in terms of the coordinate z defined in (5.1.2.38). This 
results in 

dsRS2 = ^^^^udx^dx" + dz^. (5.1.2.63) 

{k \z\ + 1) 

For symmetry reasons the coordinate z can be restricted to the half interval between 
zero and infinity. The singularity at z = is caused by the brane. 

Now, let us recall from section O that the AdS^ metric is (see ( [4. 3.1.12] )) 



772 ^77-2 
d^ds = j^ri^i'dx^'dx'' + R"-^- (5.1.2.64) 



Changing the coordinates according to(— i?<z<oo) 



z + R 

yields an AdS metric of the form 

1 



p2 

U = (5.1.2.65) 



dsAds — 2VtJ.ydx^dx'^ + dz . (5.1.2.66) 

(1 + ^) 



Comparing ( |5.1.2.66| ) with ( 5.1.2.63] ), we observe that the RS2 geometry describes a 



slice of an AdS^ space. The radius of the AdS^ space is 1/A:, and the space is cut off at 
z = 0. Since the boundary of the AdS^ space is situated at C/ — > 00, the cutoff at z = 
means that we lost the region between U = R and the boundary. Hence, the position of 
the brane in the RS2 setup can be viewed as an infrared cutoff for gravity on an AdS^ 
space. This suggests that we may apply the AdS/CFT conjecture on the RS2 scenario. 
(Note however, that we do not have any supersymmetry now. Without supersymmetry 
the AdS/CFT conjecture has passed less consistency checks. Nevertheless, let us 
assume that the conjecture is correct also without supersymmetry.) The field theory 
dual of the RS2 setup is thus a conformal field theory with a UV cutoff given by 
k. (The cutoff actually breaks the conformal invariance. The conformal anomaly 



■^Recall from section |4.3.2.1 that an IR cutoff in the bulk theory corresponds to a UV cutoff in the 
dual field theory. 
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induces a coupling of the field theory to gravity.) In particular, we plan to employ the 
AdS/CFT duality conjecture for the computation of corrections to Newton's law. As 
a preparation let us sketch how Newton's potential is related to the gravity propagator 
in four dimensions. If we did not have an extra dimension, the gravity propagator in 
momentum space is (up to a polarization tensor) 1/ (M^p^). The Newton potential 
can be obtained from this propagator by formally setting the po component to zero 
and Fourier transforming with respect to the spatial momentum components. The 
result in position space is then l/{Mpr). Therefore, we will use the AdS/CFT duality 
conjecture to compute the corrected graviton propagator and deduce the corrected 
Newton potential via the above description. 

The dual picture for the RS2 setup is that we have four dimensional gravity plus 
the CFT dual of gravity on AdS^ with a UV cutoff k. Corrections to four dimensional 
gravity are caused by the interaction of gravity with the CFT. The effective graviton 
propagator is obtained by integrating over the CFT degrees of freedom. The one loop 
corrected graviton propagator will be schematically of the form 

^ ^1 + {Tcft{p)Tcft{-p))t^] , (5.1.2.67) 



where Tqft stands for the energy momentum tensor of the CFT dual. (The coupling 
of gravity to the CFT fields is given by the energy momentum tensor.) For any four 
dimensional CFT, the two point function of the energy momentum tensor is fixed to 
be of the form 

{TcFT (p) TcFT i-p)) = cp\ (5.1.2.68) 

where we imposed that the UV cutoff is k. We will not derive this result here, but 
just give two comments. First, notice that (5.1.2.68) is the four dimensional analogon 



of ( 2.1.3. 51 ). The number c quantifies the conformal anomaly. The second remark 
is, that the reader may get some impression on how the expression ( ^.1.2.68] ) arises 
by computing it explicitly for pure gauge theory. We are interested in the order of 



magnitude of c. This has been computed in|241| to be 



Ml M2 

c-^ = ^, (5.1.2.69) 
where M5 denotes the five dimensional Planck mass and the radius of the AdS space 



dual to the CFT is 1/k. In the second equality of (5.1.2.69) we used the relation 



''We use the following prescription for performing the Fourier transformation. Transforming the 
equation A3/ (s) — 5^^^ {x) one finds that l/p^ transforms into 1/r. Later we will also have to compute 
Fourier transforms with additional powers of p in the numerator or denominator. An additional power 
of p in the numerator transforms into dr whereas powers of p in the denominator can be generated by 
dp which in turn transforms into r. 
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between the five and four dimensional Planck mass (M5 and Mp) which, in the RS2 
setup, is obtained by taking Tc ^ 00 in ( 5.1.1.17]) . 



The corrected Newton potential is obtained by setting formally po to zero in 
( |5.1.2.67| ) and performing a three dimensional Fourier transformation to the posi- 
tion space. Thus, the effect of integrating over the CFT fields results in the following 
replacement of the Coulomb (Newton) potential 

--^--fl + T^V (5.1.2.70) 



This result agrees with the expression ( ^.1.2.62 ) computed in the previous section. 



Thus, we have learned that integrating over the CFT fields yields the same corrections 
to four dimensional gravity as taking into account the massive "Kaluza-Klein" gravi- 
tons. Employing the AdS/CFT correspondence, the computational effort decreases 
substantially. We will make use of this fact when we combine the RSI with the RS2 
scenario in the next subsection. 

5.1.2.3 The RS2 model with two branes 

In the previous two subsections we have seen that the RS2 setup has the exciting 
feature of giving rise to effectively four dimensional gravitational interactions even 
though the extra dimension is not compact. On the other hand, we observed before 
that the RSI model is capable to explain the hierarchy between the Planck scale and 
the weak scale without introducing large numbers. How can we combine these two 
models? We should introduce a brane with the observers at y = vrrc into the RS2 



setup. However, this brane should not cause a change of the RS2 metric ( 5.1.2.35 ). 
The observers on the additional brane (at y = vrrc) can achieve this by performing a 
fine tuning such that the vacuum energy on their brane vanishes. In the following we 
will call the brane at y = vrrc the SM (Standard Model) brane. The SM brane can 
be viewed as a probe in the RS2 background. The hierarchy can now be explained in 
the same way as it is explained in the RSI setup. What we should worry about are 
the gravitational interactions as viewed by an observer on the SM brane. In principle. 



these can be computed along the lines of section 5.1.2.1. The situation is, however, 
slightly more complicated since the approximation has to be refined. In particular, 
replacing the Bessel functions by their plane wave asymptotics in the computation 
of Nm is too rough an estimate. Now, this would imply that the observer on the 



SM brane sees the Bessel functions as plane waves. As argued in [332] this is not the 



case, in particular for the light continuum modes. The authors of|332| refined the 
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approximation and obtained the result 

for the Newton potential observed on the SM brane. Here, is of the order of a TeV 
if we take Tc such that the hierarchy problem is solved. Instead of going through the 



tedious refinement of the approximations performed in section p.l.2.1| , we employ the 
AdS/CFT correspondence to motivate ( p.l.2.7i ). The introduction of the SM brane 
modifies the RS2 dual such that it consists out of four dimensional gravity, the CFT 
dual of the RS2 AdS^ slice and the Standard Model of the probe brane. Note that 
Uc = fcT^ is translated to Uq — Uc = TeV in the course of the coordinate transformations 
( 5.1.2.38| ) and ( 5.1.2.65 ), where Uq denotes the position of the brane at the origin and 
Uc the position of the SM brane. This means that SM fields and CFT fields interact via 
fields with masses of the order of a TeF.^ Integrating out those fields yields effective 
coupling terms between SM fields and CFT fields. (This is analogous to generating 
the Fermi interaction via integrating out the W and Z bosons.) The structure of the 
possible interaction terms is restricted by symmetries to[37| 

TJlT^M^t^'^CFT. (5.1.2.72) 

Note the similarity to the coupling of the SM fields to gravitons. Apart from charged 
interactions, the SM fields interact via gravitons and via CFT fields. This suggests 
that for an observer on the SM brane the effective graviton propagator is 

^ (l + {TcFT {P) TcFT i-P))j^) + ^(^CFT (p) TcFT ("P)), (5.1.2.73) 

where the first two terms are the same as in ( ^.1.2.67 ), and the last term means 

that the observer will interpret the interaction (5.1.2.72) as gravitational interaction. 

In computing the contribution due to the last term we use ( ^. 1.2.681) . Applying the 

recipe of the previous section, we obtain out of the propagator the modified Newton 

potential ( ^.1.2.7l| ). This potential is still in agreement with the observational bounds 

on deviations from Newton's law. Hence, adding a probe brane at y = Trr^ in the 

RS2 setup one obtains a model which explains the hierarchy and possesses effectively 

four dimensional gravitational interactions, even though there is a non compact extra 

dimension. However, we should remark that we discussed the setup only classically and 

showing its stability against quantum corrections may be a problematic issue. This 

^One may view the field theory dual as a stack of D-branes on which the CFT lives and the SM 
probe brane separated by a distance 1/TeV from the CFT branes. The interaction between the CFT 
and the SM can be thought of as arising due to open strings stretching between the corresponding 
branes. 
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corresponds to the technical hierarchy problem which can be solved by supersymmetry 
in conventional four dimensional models. Supersymmetric versions of the RS model 
appear in the literature listed in chapter |6|. 

5.2 Inclusion of a bulk scalar 

In this section, we are going to modify the Randall Sundrum models of the previous 
section by introducing a bulk scalar $ which couples also to the branes. Actually, we 



have considered this modification already in section 5.1.1.1, where we neglected the 
back reaction of the scalar on the geometry. In the current section we are going to 
take this back reaction into account. We will not return to the stabilization mechanism 



of section ^.1.1.1 , though. (The inclusion of back reaction into the Golberger Wise 



mechanism is discussed in[ |l28| , with the result that the mechanism works also when 
the back reaction is included.) Instead of addressing the question of how a scalar 
helps to stabilize the inter brane distance, we want to consider another question. As 
we will see the cosmological constant problem is reformulated in a brane world setup. 
We will investigate whether a scalar can help to find a solution to the cosmological 
constant problem. Before doing so, we briefly present a solution generating technique 
and consistency conditions on the solutions. 

5.2.1 A solution generating technique 

Introducing a bulk scalar ^ modifies the action ( p. 1.1. ID to|^ 

S = jd^x j dyV^ (^R-^ id<^>f - V i<^>)^ ^'^^/-^/^ (^) ' (^-^-l-l) 

where y is the coordinate labeling the extra dimension, and the sum over i stands for a 
sum over the branes. The index bi at the integral means that y is fixed to the position 
(yi) of the brane b^. The function V{^) is a bulk potential for the scalar and fi (<I>) is 
the coupling function of the scalar to the brane hi. 

For later use let us also generalize the ansatz ( ^.1.1.8 ) to 



ds'^ = e^^^y^g^^dx^'dx" + dy^ (5.2.1.2) 

where g^p denotes the metric of a four dimensional maximally symmetric space, i.e. 

diag {-1,1,1,1) for M4 

diag (^-I,e2^*,e2^*,e2^*) for . (5.2.1.3) 

dm5f-e2\^^',e2^^^',e2^^^',l) for ^^^4 



For simplicity we set the five dimensional Planck mass to one. It can be introduced if needed by 
a simple analysis of the mass dimensions. 
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The constant A is related to the constant curvature of the de Sitter {dS^) and the anti 
de Sitter [AdS^] shces. 

Let us first discuss the simplest case with A = 0. As usual we consider fields which 
depend only on y and denote a derivative with respect to y by a prime. The equations 
of motion for A = are 

5*" + f-^'*'-|¥-Ei*fa-!'.) = ». (S-^-i-^) 

i 

HAf-l{'^f + ^ = 0, (5.2.1.5) 
3A" + ^{<^f + ^^f,6iy-m) = 0. (5.2.1.6) 

i 

First, we analyze this system of equations in absence of the branes. We start with the 
ansatz 

A' = W{<^) . (5.2.1.7) 



Equation ( 5.2.1.6| ) fixes then 



9 dW 

4 ^ 



the second equation ( ^.2.1.5 ) yields 

27 fdW 



Finally, the first equation ( 5.2.1.4| ) is satisfied automatically. 



With view on ( ^.2.1.9 ), we could formally call W a superpotential because such a 



relation is known from five dimensional gauged supergravity[192]. A solution in the 



absence of branes can now be constructed as follows. Equation ( |5.2.1.9 ) determines 



W up to an integration constant. With a given W, one can solve (|5.2.1.8| ) for <I> up to 
another integration constant. Equation ( |5.2.1.7 ) fixes A up to an integration constant. 



So altogether, there are three integration constants in the general solution. 

Now, we take into account the source terms caused by the presence of the branes. 
We are looking for solutions in which the fields are continuous. Therefore, the first 
derivatives of the fields A and $ are finite arbitrarily close to the position of the branes. 
However, the first derivatives must jump when y passes a yi. Integrating ( [5.2.1.6 ) and 



( |5.2.1.4| ) over y = y^ — e . . .yi + e and taking the limit e — > 0, one finds the jump 
conditions 

3 (A' (y, + 0) - ^' (y, - 0)) = -^/i, (5.2.1.10) 

^ (y, + 0) - (y. - 0)) = (5.2.1.11) 
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For the "superpotential" W, this impUes 



3(VF|,=,.+o -VF|,=,,._o) = --/„ (5.2.1.12) 
- -— ] = (5 2 113) 

This means that there are two additional conditions per brane. If we safely want to 
obtain four dimensional gravity in the effective theory, we should compactify the extra 
dimension. For an interval compactification we need at least two branes. The length 
of the interval (the inter brane distance) enters the ansatz as a further integration 
constant (e.g. Tc in ( ^.1.1.8 ) now appears in ( 5.1.1.5| )). Therefore, four integration 
constants are to be fixed by four conditions. However, we should take into account 
that one of the integration constants corresponds to constant shifts in A which can 
be absorbed into a rescaling of x. A enters the equation of motions and the jump 
conditions only with its derivatives. Therefore, one of the integration constants is not 
fixed by the jump conditions. This means that in a two (or more) brane setup at least 
one fine tuning of the model parameters (appearing in V {^) and fi ($)) is necessary 
for the existence of a solution with A = 0. 



For example in the RSI model, we obtained two fine tuning conditions (5.1.1.13). 
The fact that there is one more fine tuning condition than expected by naive counting 
is related to the fact that the inter brane distance Tc is a modulus of the solution. This 
feature is closely connected with the observation that we can remove the second brane 
and still obtain four dimensional effective gravity. Even after removing one brane the 
Randall Sundrum model requires one fine tuning. We will come back to this point in 



section 5.2.3 



The fact that our solution requires fine tuning of parameters has its origin in the 
A = condition of the ansatz we have considered so far. We can view A as an 
additional integration constant in the ansatz ( ^.2.1.2 ). In general, constant shifts in 
A can be absorbed in a rescaling of in combination with a redefinition of A. This 
suggests that a mismatch in the fine tuning conditions results in a nonzero A. In order 
to see this more explicitly we write down the equations of motion for A 7^ 0, 

i 

6{A'Y-l{^f + \-6Ae-^^ = 0, (5.2.1.15) 
3A" + ^{^f + 3Ae-^^ + ^^fi6iy-y,) = 0. (5.2.1.16) 

i 

The jump conditions ( ^.2.1.10] ) and ( ^.2.1.1l| ) are still of the same form. We observe 
that a constant shift in A enters the equations of motion. Hence, there is no fine 
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tuning to be expected if we do not fix tiie value of A in the ansatz. For completeness, 
we note that the equations of motion can be reduced to a set of first order equations 
like in the A = case. The corresponding first order equations are 

2 



V 



A' = 7(r)VF($), (5.2.1.18) 

9 1 dwm 

^ = —A I ^ ' 5.2.1.19 

7(r) = Jl+ ^ „ e-2^. (5.2.1.20) 

To find a solution to this system of first order equations looks more complicated than 
in the A = case. The equation (5.2.1.17) now couples to the rest of the equations 



due to the 7 dependent factor. 
5.2.2 Consistency conditions 

In this subsection we are going to discuss consistency conditions which any solution 
to the setup of the previous subsection has to satisfy. In principle, these consistency 
conditions constitute nothing but a check whether there has been a computational 
error. They are, however, useful in cases where the envisaged solution possesses singu- 
larities. Further, consistency conditions give sometimes informations about the system 
without the need of constructing an explicit solution. The condition we are going do 
derive next is most simply expressed in words. It states that the four dimensional 
effective cosmological constant is compatible with the constant curvature of the four 
dimensional slices. (This curvature is fixed by A in ( |5.2.1.3D .) Now let us translate 
this verbal statement into fromute. 

In order to obtain the four dimensional effective cosmological constant, we need 
to construct an effective action for four dimensional gravity. We start with the five 
dimensional metric 

ds^ = e^^^y'^-g^^dx^'dx'' + dy"^, (5.2.2.1) 

where 

g^lv = (jiiu + (5.2.2.2) 

is the metric on the four dimensional slices. It is taken to be independent of y, and the 
background metric 5^,^ is defined in ( 5.2.1.3| ). If we do not consider other fluctuations 



than hf^i^, the action for four dimensional gravity will be of the general form 

^4 = / d^xy/^ f - a) , (5.2.2.3) 
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where R^^^ is the four dimensional scalar curvature computed from g^,^. The cosmo- 
logical constant A is fixed by the condition that = g^j^i, should be a stationary point 
of ( p.2.2.3p . This yields 



A = 6A. (5.2.2.4) 
We should also recall that the effective four dimensional Planck mass is given by 

M2 = / dye'^^^y\ (5.2.2.5) 



where A takes its classical value. The vacuum value of the Lagrange density in ( p. 2. 2. 3 ) 
can be easily computed to be 

£4 = (r^^'> -X)= 6AM^, (5.2.2.6) 



where R^^^ is the scalar curvature computed from g^iy. 

For consistency, £4 should coincide with a result obtained in the following way. 
We plug the solution of the equations of motion into the five dimensional action and 
integrate over y. (This is exactly the prescription of obtaining the classical value of 
the four dimensional Lagrangian.) In order to do so, it is useful to write down part of 
the equations of motion in a less explicit form than before. The equations obtained 
from five dimensional metric variations are the five dimensional Einstein equations 

Rmn — -GmnR = -Tmn- (5.2.2.7) 



For the model defined in ( 5.2.1.1| ), the energy momentum tensor Tmn is 



Tmn = ^dM^dN^ - ^ (5$)' Gmn - V{^) Gmn -Y.fi 6{y - yi) 

i 

(5.2.2.8) 

where 5^,^ is the metric induced on the brane (see ( [5.1.1. 3D ). The classical value of R 
can be easily computed by taking the trace of ( ^.2.2.7D with the result 

R = ^ + 1^(^) + 1 E - y^) • (5-2-2-9) 



Plugging this into ( ^.2.1.1 ), we obtain the classical value for the four dimensional 
Lagrangian 

£4 = yt^ye^^f^y(cI>) + iE/,%-y,)), (5.2.2.10) 
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where it is understood that A and $ satisfy the equations of motion. Comparing with 
(|5. 2.2.61) and using (|]2X 



we obtain finally the consistency condition 



/ dye 



+ r|) 



6 am;. 



(5.2.2.11) 



We should emphasize again that ( |5.2.2.11|) is just a consequence of the equations of 
motion. For A = 0, (5.2.2.11) implies that the vacuum energy density of the solution 
has to vanish. 

Before closing this subsection we want to describe an alternative way to obtain the 
same (or equivalent) consistency conditions. First, we note that 



(A 



r^nAy 



„nA 



n ■ 



9 



/,,n2 nV 



l)Ae-2^-i^/i5(y-y,)] . (5.2.2.12) 



This can be easily checked with the equations (5.2.1.15) and ( ^.2.1.16] ). With the 
expression ( p. 2. 2. 8 ) we rewrite ( p. 2. 2. 12] ) in the following way 



{A 



lnA\' 



nA 



6 



n 



1 



12 6 



-2 A 



(5.2.2.13) 



Assuming that for a consistent solution the integral over the total derivative on the 
Ihs of ( ^.2.2. 13|) vanishes we find 



dye 



nA 



1 r| =2{n-l)K dye 



,{n-2)A 



(5.2.2.14) 



We observe that for n = 4 this condition is identical to the previously derived condition 
( |5.2.2.1l| ). In the next subsection we will discuss solutions with singularities. For those 
solutions, one could argue that the preposition of condition ( |5.2.2.14| ) is not necessarily 
satisfied. If there are singularities, an integral over a total derivative may differ from 
zero, and one may not worry about (5.2.2.14) in such a case. For n = 4, we have shown 
that ( p. 2. 2. 14 ) encodes the statement that the effective four dimensional cosmological 
constant is compatible with the curvature of the four dimensional slices. This should 
be the case also in the presence of singularities. We leave it as an exercise to verify 
that the Randall Sundrum models satisfy all the consistency conditions. 



5.2.3 The cosmological constant problem 

In this section, we are going to discuss whether it is possible to solve the cosmological 
constant problem within a brane world scenario containing a bulk scalar. Let us first 
state the problem as it arises in conventional quantum field theory. The observational 
bound on the value of the cosmological constant (as measured from the curvature of 
the universe) is 

XMl < 10-^2° (Afp)^ . (5.2.3.1) 
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Taking into account the leading order contribution of quantum field theory, one obtains 

XMl = XqMI + (UV-cutoff)^ Str (1) , (5.2.3.2) 

where Aq corresponds to a tree level contribution which can be viewed as an input 
parameter of the model. The size of the UV-cutoff is set by the scale up to which 
the effective field theory at hand is valid. The supertrace is taken over degrees of 
freedom which are light compared to the UV-cutoff. If for example we assume that 
the standard model of particle physics is a valid effective description of physics up 
to the Planck scale, we need to fine tune 120 digits of the input parameter AqM^ in 
order to obtain agreement with ( [5.2.3.1 ) . The situation slightly improves if we assume 



that the standard model is a good effective description only up to a supersymmetry 
breaking scale at (at least) about a TeV. In this case we should take the UV-cutoff 
to be roughly a TeV. We still have to fine tune 60 digits in AqM^ in order to match 



the observation ( 5.2.3.1 ). To summarize, the cosmological constant problem is that a 
huge amount of fine tuning of input parameters is implied by the observational bound 
on the cosmological constant. 

How could the situation improve in a brane world setup? Here, it may happen 
that the field theory produces a huge amount of vacuum energy which however results 



only in a curvature along the invisible extra dimension. In section 5.2.1 we have seen 
that in a two (or more) brane setup we need to fine tune input parameters such that 
A = OQ is a solution of the model. (See equation ( 5.2.2.4| ) for the relation between A 



and A.) Actually, the amount of fine tuning needed in a two brane setup is of the order 
of magnitude by which the vacuum energy on a brane deviates from the observed value 
( |5.2.3.1| ) because this quantity enters the jump conditions. One may hope to find a 
single brane model for which a solution without fine tuning exists. This possibility is 



not excluded by our investigations in section 5.2.1. However, we will prove later that a 
single brane model with effectively four dimensional gravity requires a fine tuning (as 
the RS2 model of section |5.1.2| does). Before presenting the general (negative) result, 
we would like to demonstrate the problems at an illustrative example. 



5.2.3.1 An example 

The model we are going to discuss is a special case of ( ^.2.1.1| ) with a single brane at 
y = as well as V{'^) = and /o(^) = Te^*. Hence, the action reads 

S = j d^xV^ ^^^^^) " / (i'^xV^Te'"^\y=o > (5.2.3.3) 

^Recent observations seem to hint at a small but non zero constant. For the discussion of the fine 
tuning problem this value is too small to be relevant. 
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where b and T are constants. In what follows we will focus on the case b / ±|. The 



case 6 = ±3 is similar and discussed in p68| , 267 ], [36|, [186, 187]. We take the ansatz 



( |5.2.1.2| ) with A = 0. From equation ( p. 2. 1.5 ) one finds that 



A' = ±^<^'. (5.2.3.4) 

We choose 

A'= <( 3- ' ^ - " . (5.2.3.5) 




The reader may verify that taking the same sign on both sides of the brane does not 
lead to a consistent solution. The only other choice is to interchange the signs in 
(5.2.3.5). This can be undone by redefining y —y and hence the ansatz ( ^.2.3.5 ) 
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/ 36 


1 
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/ 36 
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Cl 




2 



is general (for b / ig)- The rest of the equations of motion is easily solved with the 
result 

f I log ]|w + Cl] + di, y<0 
{ -|log||y + C2I +^2, y > 

where Cj and di are integration constants. The condition that ^ should be continuous 
at 7/ = fixes ^2 in terms of the other integration constants. The jump conditions 
( 15.2.1. iq ) and ( |5.2.1.11| ) determine ci and C2 in terms of di according to 

r: _ 1 ) Te*"^! |ci]f , (5.2.3.7) 

Te'"^i]ci]^. (5.2.3.8) 

Together with possible constant shifts in A, two integration constants are not fixed by 
the equations of motion. 

The next step is to ensure that an observer will experience four dimensional gravi- 
tational interactions (plus possible small corrections). This is the case only if the four 
dimensional Planck mass is finite. The expression for the four dimensional Planck 
mass is given in (|5.2.2.5| ). If the parameters (T and 6) of the model are such that 
there is no singularity at some y > (y < 0) the integration region in ( ^.2.2.5| ) extends 
to (minus) infinity. In one or both of these cases the four dimensional Planck mass 
diverges, and an effective four dimensional theory decouples from gravity. This is not 
what we are interested in since with decoupled gravity the problem of the cosmological 
constant does not occur. Therefore, we have to choose our parameters such that there 
are singularities at which we can cut off the integration over y. Explicitly this imposes 
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the conditions 



^,1 36\ 



1 36 



< 0. (5.2.3.9) 



These conditions are easy to satisfy without fine tuning of the parameters. So far, 
it looks as if we have achieved to find a solution with vanishing four dimensional 
curvature without the necessity of a severe fine tuning of input parameters. 

It remains to check whether the consistency condition ( |5.2.2.1l| ) is satisfied. Since 
we have taken the ansatz with A = 0, the condition states that the vacuum energy 
density of our solution should vanish. The vacuum energy density is most easily 
computed from ( p. 2. 2. 10 ). To be specific, we fix the integration constant in A via 



A = for y < 0. Taking further into account that our background is static, we find 
for the vacuum energy density 

£ = -ire^^+^^i^^o = -^4^^^'^ ^ 0- (5-2.3.10) 

We see that the consistency condition is not satisfied. Since the condition of vanishing 
vacuum energy density f = is derived from the equation of motion, (5.2.3.10) im- 



plies that the equations of motion are not solved. Indeed, with the parameter choice 



( |5.2.3.9| ), the second derivatives of ^ and A contain delta functions which are not can- 
celed by source terms in the equations of motion. We have to cure this inconsistency 
by adding additional source terms to the setup, i.e. to extend the single brane scenario 



to a three brane scenario. From our considerations in section 5.2.1 , we know already 
that this will lead to fine tuning conditions on the input parameters. For illustrative 
purposes, let us demonstrate the appearance of the fine tuning explicitly. We modify 
our action ( 5.2.3.3| ) by two additional source terms, i.e. 



S ^ S + S+ + S^, (5.2.3.11) 

with 

S± = - j d^xT±e^±^\y=y^ . (5.2.3.12) 

The quantities 6-1- and T± are now input parameters of the model. The value of y± 
gives the locations of the singularities, 

y- = -tCi , y+ = -7C2. (5.2.3.13) 
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The additional source terms give rise to four more jump conditions to be satisfied by 
the solution. These jump conditions are 

^($'(y±+0)-f'(y±-0)) = b±T^e'^^y^\ (5.2.3.14) 



T(^'(y±+0)-f'(y±-0)) = --T^e'^^yl (5.2.3.15) 



Before solving these additional jump conditions we need to give a prescription how to 
continue our solution beyond the singularities. There are several possible descriptions. 
For example, one may continue in such a way that the setup becomes periodic in y. 
The simplest choice is to effectively cut off the space at the singularities (at y = y±) hy 
freezing the fields to the singularity values for y [y_ , y+J such that the first derivatives 
vanish beyond the singularities. (The final conclusion is not affected by the particular 
way of continuing the solution beyond the singularities.) With our prescription the 
conditions ( 5.2.3.14 ) and ( 5.2.3. 15| ) are solved by 



4 

b± = ±- (5.2.3.16) 
3 

and 

r_e"t'^i = r+et''2 ^ _2. (5.2.3.17) 

One should recall that d2 is already fixed by the jump conditions at y = 0. We observe 
that the input parameters need to be fine tuned. 

The contribution of the branes at y = y± to the vacuum energy density is 



2 \y-y+ ■ \y=y~ 

= -e^"^'^-^, (5.2.3.18) 
3 4-36 ^ ^ 

where we have employed the jump conditions and fixed an integration constant in 
A by the choice A = for y < 0. Hence, the contribution ( 5.2.3.1[l| ) is exactly 



canceled by the additional branes and the model is consistent now. However, we failed 
to construct a brane setup yielding a vanishing effective four dimensional cosmological 
constant without fine tuning of the parameters. If the fine tuning is not satisfied, there 
exist A / solutions [ p67| . (The situation is slightly different in the 6 = ±| case where 
the possible value of A is fixed by the bulk potential V, which needs to be fine tuned 



to zero for A = to be a solution [|18?|]. In addition there is a fine tuning due to the 
necessity of additional branes for 6 = ±|, too.) 

In the next subsection we will show that our failure to find a A = solution without 
fine tuning is not caused by an unfortunate choice of the model we started with but 
rather a generic feature of brane models with a bulk scalar. 
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5.2.3.2 A no go theorem 

The prepositions for the no go theorem for a "brany" solution to the cosmological 
constant problem are: 

• The model contains a single brane and A = 0. 

• The four dimensional Planck mass is finite. 

• The model does not contain singularities apart from the one corresponding to 
the single brane source. 

• The bulk potential V can be expressed in terms of the "superpotential" W 
according to ( |5.2.1.9 ). 

In a first step, we are going to show that these prepositions imply that the five 
dimensional space must be asymptotically (for large |y|) an AdS space. Suppose the 
warp factor asymptotically shows a power like behavior, 

e^-lyp". (5.2.3.19) 

The four dimensional Planck mass is computed in ( 5.2.2.5| ). With a single brane and no 
further singularities the integration is taken over y G (— oo, co). A necessary condition 
for 



IS 



oo 

d?/e2^<oo (5.2.3.20) 



a>-. (5.2.3.211 

2 ^ ^ 



On the other hand, equation ( 5.2.1.6| ) tells us that in the bulk (in particular asymp- 
totically) 

^" < ^ a < 0. (5.2.3.22) 

We conclude that cannot fall off with a power of |y| as \y\ — > cxd. 
Therefore, we assume an exponential fall off, i.e. for large \y\ 

A = -k\y\, (5.2.3.23) 

with k being a positive constant. In the following we will show that in this case there is 
a fine tuning similar to the fine tuning of the RS2 model. Before going into the details, 
let us sketch the outline of the proof. The asymptotic behavior ( |5.2.3.23| ) suffices to 
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reproduce the superpotential for all y. Plugging this into the matching conditions 
( |5.2.1.12| ) and ( ^.2.1.13 ) will show that the input parameters of the model need to be 
fine tuned. Let us now present the details of the slightly tedious construction of W 
from its asymptotics. 

From equation ( |5.2.1.6 ) we learn that $ must be asymptotically constant. We de- 
note the asymptotic values of $ by corresponding to the limits y ^ ±00. Equation 
( |5. 2.1.81 ) implies that 

dW 



9$ |$=$± 

Plugging ( ^.2.3.231 ) into (|5.2.1.7| ) yields 



0. 



W{^t) < and W{^-) > 0. 
Let us look again at equation ( 5.2.1.8| ) 



. 9dW 
= — -- 



(5.2.3.24) 



(5.2.3.25) 



(5.2.3.26) 



4 9$ ' 

and view as a function of $ should reach its asymptotic values in a dynamical way 
which means that should be monotonically decreasing (increasing) as <I> approaches 
<1>^ i^c)- We obtain the conditions 



5<I>2 |$=$^ 



> 



< 0. 



(5.2.3.27) 



(Equation (|5.2.3.26 ) can be viewed as a renormalization group equation, where the 
renormalization group scale is related to <I>. W is proportional to the running coupling, 
and (viewed as a function of ^) is the beta function. The conditions ( |5.2.3.27| ) mean 
that <I> = <!>+ (<I> = <I>^) correspond to stable UV (IR) fixed points.) Equations ( p. 2. 1.9] ) 
and ( 5.2.3.24] ) fix the asymptotic values of the superpotential according to 



v{^~) = -i2W{^~f , y(c^.+) = -l2W^($+)^ 



(5.2.3.28) 



This implies that the asymptotic values of V must be negative. Further note that 
the asymptotic values of W are fixed in a unique way with the additional conditions 
(|5.2.3.25| ). So far, we know the asymptotic value of W in terms of the input parameters 
and the asymptotics of the first derivative of W (5.2.3.24). 

In order to compute the higher derivatives of H^, it is useful to express the nth 
derivative of V in terms of W via ( |5.2.1.9 ). The corresponding expression is 



k=l 



1\ d^W /27 d'^-'^+'^W 

1 J d^k 9<I)"--fc+2 



12 



Q^n-k 



(5.2.3.29) 



5. The cosmological constant problem 



195 



This formula is most easily proven in the following way. First, apply the Leibniz rule 
(F and G are arbitrary functions of <I>) 



(FG) 



n 

E 

fc=0 



n\ d^F 9"-^G 



(5.2.3.30) 



on -Q^ 



2W^^ in order to show that 



k=l 



Q^n-k Q^k 



(5.2.3.31) 



In a second step use (5.2.3.31) with W replaced by its first derivative and redefine the 
summation index /c — > n + 1 — A;. 

In the following we will employ (5.2.3.29) to compute the asymptotics of all deriva- 
tives of W. Since there are no singularities between the brane and the asymptotic 
region, this will enable us to expand 1^ in a Taylor series yielding its value arbitrarily 
close to the brane. 

The second derivative of W needs some separate discussion. With the result 



(5.2.3.24) we obtain the relation 
"27 /d'^Wy 



241^ 



0. 



(5.2.3.32) 



This equation has real solutions for the asymptotics of the second derivative of W 
provided that 



(5.2.3.33) 



Taking into account that the asymptotic value of W is fixed uniquely by ( 5.2.3.28 ) 
and ( 5. 2. 3. 25] ), and that the sign of the asymptotic value of the second derivative of 
W is determined by ( |5.2.3.27| ), one finds that (|5.2.3.32|) can be solved in a unique way. 
Note, that (|5.2.3.25| ) and (|5.2.3.27| ) imply 



> 0. 



(5.2.3.34) 



The computation of the higher derivatives of W in the large \y\ region is somewhat 
simpler. First, we notice that asymptotically on the rhs of (|5.2.3.29 ) the nth derivative 
of W is the highest occurring derivative (see ( ^.2.3.24 )). Terms containing the nth 
derivative correspond to = 2, n. The expression (|5. 2. 3.291 ) evaluated at takes the 
form (n > 2) 



27 d'^W 



24H^ + 



14-=*^ 



(5.2.3.35) 
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where the dots stand for terms containing lower derivatives of W. The relation 
( |5.2.3.35| ) allows to determine all derivatives of W provided that the coefficient at 
the nth derivative of W differs from zero. This is ensured by equations (5.2.3.32) 
and (5.2.3.34). Indeed, requiring the coefficient in front of the nth derivative of W to 
vanish yields 



9n V n 



(5.2.3.36) 



which is not compatible with ( 5.2.3.34 ) and ( |5.2.3.28| ). We conclude that in the Taylor 
expansion 



W($) 



n- 

ECK 
n 



oo 1 a"vy 



=0 n\ (9<J>" !<!>=$ 

oo 1 d"W 

=0 n\ <9<J>" |<I>=$ 
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+ (^ 



c J 



y<0 
y>0 



(5.2.3.37) 



all the coefficients are fixed uniquely by the model parameters. Then the jump condi- 
tion ( ^.2.1.12 ) will fix the value of <I> at y = 0, whereas ( ^.2.1.13| ) imposes generically 
a fine tuning of the model parameters. 

It may look somewhat disappointing to close a review with the proof of a no go 
theorem. However, often no go theorems help to find a way leading to the desired 
aim. This way should then start with a model not satisfying the prepositions of the 
no go theorem. Indeed, there have been proposals for not fine tuned solutions with 
A = 0. These proposals are based on the idea of introducing more integration constants 
without increasing the number of jump conditions. We provide the corresponding 
references in section ^. Here, we should remark that (so far) there is no commonly 
accepted solution to the cosmological constant problem within brane world setups. 
The explanation of the observed value of the cosmological constant remains a great 
challenge. Whether branes will be helpful in a solution of this problem has to be seen 
in the future. 



Chapter 6 

Bibliography and further reading 



Throughout the text I have aheady given some references. However, this I did only 
when I felt that a direct hint on results obtained in the literature would be useful for 
the reader at that particular point. Of course, these notes are based on many more 
publications than already given in the text. In the present chapter, I will provide 
all the references I used and give suggestions for further reading. However, there are 
many more contributions to this field. I apologize to all those authors whose work 
could have been listed but is not. 



6.1 Chapter g 



6.1.1 Books 



In |22|, |2|], ^S^], [|71|, [g6|, |270[ I list the textbooks on string theory of which 
I am aware. In section 2.1 I used mainly[222] but also|331|. For the discussion of 
orbifold planes in section I borrowed some results presented in [371]. D-branes and 
orientifolds are also covered in 1 371]. Since string theory is a conformal field theory the 



book]191] may be also a useful reference. The subject of Calabi-Yau compactifications 
entered the text rather as a side remark. Apart from the discussions presented in the 



above mentioned textbooks on strings, the book] 251] is perhaps a useful reference for 
people who are interested in Calabi-Yau spaces. Let me also mention three books on 
supersymmetry. Often the conventions of the standard reference Jp| are used in the 



literature. Ref. |456| ] contains (at least in its second edition) a discussion of supersym- 



metry in two dimensions. Finally, ]399] is not really a textbook but a collection of 
papers dealing with supergravity in various dimensions. For each dimension there is 
a summary of the possible supermultiplets. 
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6.1.2 Review articles 



Four recent review articles on perturbative string theory are [2C], [365 



and p95 |. 



In the context of perturbative string theory, the CFT lectures [205] may be also useful. 



The computation of beta functions in nonlinear sigma models is reviewed in|445|. 
Various aspects of T-duality are presented in [|211| , |l4| . Orbifold compactifications are 
covered in most of the textbooks mentioned in |6.1.1| . Two review articles on orbifolds 
are listed in[354|, [|139(| . K3 and other Calabi-Yau compactifications are e.g discussed 



inp49|], p24[ , |8|, |5g. There are various reviews on D-branes: |373|, |70|, |9|, |0|, 
| 437|] , p9| ], |263| , |264|, [|l30|, |l3l[. Readers who are interested in D-branes on Calabi- 



Yau spaces should consult |146|] (and references therein). In [|397| , [|118|| two lecture notes 
on orientifolds are listed. Phenomenological aspects of string theory are reviewed in 



2J, 325], 1 380, 381], ]135]. There are quite a few reviews on supersymmetry, e.g. 



55|], ]429], ]333]. Ref. ]127] presents supergravities in various dimensions. 



6.1.3 Research papers 

For early papers on string theory I refer to the excellent commented bibliography given 



in 1222, 22S]. Although there is still some overlap with the references in[222], I want 



to start with section 2.1.3. Here, we presented details which at some points differ 



from the discussion in] 222]. A list of references about beta functions in string sigma 
models (some of them about the open string (section |2.3.3.ip ) is [18], ]^], ]326, 327], 
]18|,[19|, @, |419|, @, g, g, ]|1|, |11|], m, H] and many others. 



The normal coordinate expansion technique in section |2.1.3| is taken from[y^]. In a 
slightly different version it can be found in] 79]. The Fischler Susskind mechanism 

. Like the present text. 



is developed in ]170, 171] and also discussed in e.g.] 327], [[ 
most of the articles do not include the discussion of non trivial backgrounds for massive 
string modes. The corresponding sigma model is not renormalizable. Some papers on 



beta functions for massive string modes are [|311j ], ]|89|] , |162(] , ]|314|] , |176|] , Q, ]^]. 



Concerning section 2.1.4 I give some references related to the construction of the 
supergravity theories. The existence of ten dimensional type II supergravities (and 



also 11 dimensional supergravity) was suggested in] 341;]. The explicit construction has 
been carried out in ]pl9| (see also |411| , [405| , |250| ). Anomalies are discussed in[^]. That 
N = 1 ten dimensional supergravity coupled to Eg x Eg or SO (32) gauge theory is 
anomaly free was demonstrated in]220|. 



T-duality for the circle compactified bosonic string is discussed in]p90|, 398]. For 



compactifications on higher dimensional tori see]352, 425, 212]. The presentation in 
section 2.1.5.3| follows closely [392]. T-duality in non trivial backgrounds with abelian 



isometrics was originally studied in]94, |9q] . Some related papers are: [339], [213], ] 209 ], 
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| 29q] , 0, |n|, g4|], go]], ^9§. T-duality has been also discussed for backgrounds 
with non Abehan isometries e.g. in |l2|], IH, |o|], |lT|, |ll|, 



rgi, 0, |i50|, |], |43|, |4|]. The T-duahty relation between type IIA and type IIB 
strings can be found in |136], |122|, [p89|. The connection between compactified 



ii^s X ^8 and (32) strings is presented in |206|] . 

The techniques for orbifold compactifications of string theory have been devel- 



oped in 1 137, 138 1 . More papers on orbifolds are (including explicit constructions of 
phenomenological interest): |5l[, |4|], |8|, |5|, ^5^, ^5^, [|74|, |l7|, 

p55[|, pl8[|, |175[|. T-duality for orbifold compactifications is for example discussed in 



The importance of D-branes was realized in|369|, where the connection to BPS 
solutions of supergravity was discovered. In the text I have given conditions imposed 
by the requirement unbroken supersymmetry on the number of ND directions. More 
generally, D-branes can intersect at certain angles |5^. The computation of D-brane 



interactions is presented in 372 1, [92, 93]. References concerning the beta function 
approach are given together with the other references for the beta function approach 
to effective field theories, above. D-brane actions are also e.g. discussed in ||400[| . The 
interchange of Dirichlet with Neumann boundary conditions via T-duality has been 
pointed out in [122|, [243|, [217]. For general backgrounds, T-duality for open strings 
with respect to abelian isometries is presented in]15], 143| . T-duality with respect to 
non-Abelian isometries has been performed in U84 



]77]. (The boundary Lagrange 
multiplier has been introduced in ]184, |185(] .) A different method of performing T- 
duality transformations in general backgrounds has been proposed in [306[. The Wess- 
Zumino term in the D-brane action has been derived (in steps) in |145| ] , ]32C], j pl] , |62| , 
pl8(] . Our discussion of open strings and non commutative geometry follows closely 
(the introductory section of) [ [418| [. Constant B-fields and non commutative geometry 
have been connected earlier in e.g. [147[, \10G\, [404]. The connection between non 
commutativity and the renormalization scheme is further investigated e.g. in ]24, 23]. 
A more abstract conformal field theory approach to D-branes can for example be found 
in ]194], ]38S]. There are many more aspects of D-branes for which I would like to ask 
the reader to consult one of the given reviews and the references therein. 

Orientifolds were introduced in] 396]. For early papers on orientifold constructions 
see also ]|378|] , |216[1 , [244], ]|63| , |6^] . The cancellation of divergences in string diagrams 



of type I 5*0(32) strings is observed in|221]. The model of section 2.4.3.2 has been 
first constructed in ]|6^, 64]. The presentation in the text follows ]204]. Indeed, it 
has been the paper [204[ which triggered an enormous amount of research devoted to 
orientifolds. This research resulted in a lot of papers out if which I list only "a few": 



loi, II, n, |27|], [m, |7|], i, H' iZ3' 
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, (38|, |30|], |0|, |30T|, |7|, (7|], E8|, |38|, 



6.2 Chapter ^ 



As far as I know there are no books devoted to solutions of ten dimensional super- 
gravity. 



6.2.1 Review articles 

There are quite a few review articles to be mentioned in the context of brane solutions 
to supergravity. In the text I used mainly results presented in|152|. BPS solutions 
to ten dimensional supergravity are also derived in 



|, [431]. The theories on the 
worldvolumes of the branes are discussed e.g. in |444|. Intersecting brane solutions are 



e.g. reviewed in|196[. In the text I did not discuss the relevance of the brane solutions 



to black hole physics. A nice introductory review to black holes is| 442 |. Branes in 
the context of black hole physics are reviewed e.g. in|3^,|33|, |6§, |62|, pSj , 



I ml] , m, m, M . 



6.2.2 Research Papers 



The elementary string solution was found in|ll£]. The five brane solution has been 
considered e.g. in [[433|| , [154], ]97]. The general p-brane solutions are presented in 



]248]. For more references on the topic of brane solutions to supergravity I would like 



to ask the reader to consult the review articles mentioned in section 6.2.1 



6.3 Chapter i 

The presented applications of branes are not a subject of a book. A discussion of 
string dualities can be found in [371]. 



6.3.1 Review articles 



There are many reviews devoted to the subject of string dualities: ]|441| , [443| , ]l38| , 
]40^,|0|, |18|, Q, m, g, [|56l, [|3|. 

A comprehensive review on the relation between brane setups and field theory 
dualities is listed in [plO| . (Another (shorter) review is [ ^82| .) In the text I mentioned 
only duality relations in = 1 supersymmetric field theories. Such dualities are 

2 supersymmetric field theories are 



summarized ingTj, |26ll, [|0§, |3& 



N 
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considered in[|5|, [|T2|], |T^, 0, |3|. The duaUty of iV = 4 super Yang-Mills theory 



is presented in |358|, [p39| . 

The standard review article on the AdS/CFT correspondence is[^. Two more 
introductory notes are listed in ]366|] , [p99|. Lecture notes dealing with Wilson loops 



in the context of the AdS/CFT correspondence are e.g.|43C]. 

Settings where the string scale is the TeV scale are reviewed inp2|, 



6.3.2 Research papers 

Early proposals of strong/weak coupling duality appear within the context of the com- 
pactified heterotic string |17^], p89| ]. This conjecture was supported by observations 
reported in[42C, 422, 421|, |410, |40S| ] . The existence of 11 dimensional supergravity 



was suggested in |349| . The explicit construction was carried out in |108|] . The M-theory 



picture was developed in the papers[252|, |44C], |45S]. The duality between S*© (32) 



type I and heterotic strings was proposed in|374]. The SL{2,Z) duality of type IIB 



strings is discussed in[406|. The relation between the Eg x £"8 heterotic string and 



eleven dimensional supergravity is worked out in 1 246, 245 1. 



Dualities in field theories were conjectured in| 346 |, and shown to be exact in = 4 
supersymmetric Yang Mills theory in[ |463[ |, [36C], [45?]. Strong coupling results in 
N = 2 gauge theories are presented in |416|, |417|, for SU {2). Extensions to other 
gauge groups are discussed in e.g.|304], [ 303| |, [34|, 167 |, 166 |. The A = 1 field 



theory dualities have been conjectured in 1 412, 413]. Some out of many subsequent 
papers are@, |25|], l26|], l25|, IH, |l5|], |o|], |l^], |8|. Studying field theories 
via manipulations in brane setups was initiated in[ p38|] . The discussion in the text 
follows ]|1 5 8[] . There are many related works. Some examples are: 125 ], 159 ], ] 165 ], 
P], p36|], |283|] . The connection between N = 2 supersymmetric gauge theories 



and M-theory branes is considered in] 459]. There is also a larger list of literature 
dealing with brane setups for A = 2 theories, for which, however, I would like to ask 
the reader to consult one of the reviews since this would lead to far away from the 
subjects discussed in the text. 



The AdS/CFT correspondence is conjectured in] 335], and further elaborated in]233], 
]46C]. The computation of Wilson loops within the conjecture is described in 1 336], 



]l391 ]. Differently shaped Wilson loops are discussed in[54|, ]14S]. Breaking supersym- 
metry by a finite temperature one can observe the confinement of quarks] 461]. Related 



papers aregl|, ]|9g, ]|0|, l230|, l234|, |T44|, |36ll and many others. The string ac- 
tion on AdS^ X is constructed in]34C]. This action is discussed further in 1 276], 



] 275|] , ]P71 , p4| , CT , §8§. The construction of ]p4q] leads also to the result that 
the AdS^ X background is exact. Different arguments for this statement are given 
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in ||43|. The discussion of the stringy corrections to the Wilson loop follows[18C, 181|. 



A similar approach (in the conformal gauge) and more examples are discussed in[ 149 |. 
This paper also addresses the problem of the divergence and gives a numerical estimate 
of the correction. String fluctuations as a source for corrections to the Wilson loop are 



also discussed inl22§, §5^], |6|], [|9|], |26|], |2|]. Corrections to the field theory 
calculation are derived in[163], |467], [164],|367|. An attempt to apply the techniques 



for computing corrections to the Wilson loop on the M5 brane case is reported in|177|. 

That branes allow constructions with the string scale at a TeV has been pointed 
out in[30|. (Relating the hierarchy problem to the size of extra dimensions has been 



proposed before in a field theory context 1 35].) The argument that in compactifications 
of the perturbative heterotic string the size of the compact space is of the order of the 



Planck size is given in|281]. Our discussion of corrections to Newton's law follows[287]. 



6.4 Chapter g 



Since there are no books on the subject of brane world setups I start directly with a 
list of review articles. 



6.4.1 Review articles 

The review articles on brane world setups with warped transverse dimensions I am 
aware of are[ p66| |, |393], |133|, [334|. An overview on the cosmological constant problem 
is presented in[455], [|462(| , [S6|. 



6.4.2 Research papers 



Brane world models have been proposed already sometime back in|394], The model 
discussed in section is presented in p86| ]. The stabilization mechanism is proposed 
in|215]. The model of section 5.1.2| is taken from[ p85[ |. An early paper on connecting 
the Randall Sundrum model with the holographic principle is ||454| ]. The computation 
of the Newton potential via the holographic principle has been pointed out by Witten 
in the discussion session in a Santa Barbara Conference in 1999. (I have not been 



there.) The presentation in the text is taken from 1 232 1 (see also [|153| ]). The inclusion 
of the second brane into the RS2 scenario is performed in[ p32[ |. The computation 
of the Newton potential via the AdS/CFT correspondence is taken from[|3^ (see also 
[]201|] ). More discussions of the RS models from a holographic perspective can be found 
e.g. inpl, i 



_ _J], |387|, |363| , |28|, |28§, |9^, ^0^. Supersymmetry within the 

context of the Randall Sundrum model is discussed in[|7|, lo), PI], ]ll68|, [l69| , 
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Section 5.2.1 is closely related to|128|. The consistency condition that the effec- 
tive cosmological constant should be compatible with the metric on the brane is also 
mentioned in |128| |. The derivation and form of the consistency condition in section 
5.2.2 is presented in|187]. The alternative method of integrating a total derivative is 
developed in |161| ]. The connection between the two conditions has been pointed out 
in 1 187]. The complete set of consistency conditions (as it appears in the text) is given 



in |199(| . (Different consistency conditions are discussed in |279| ].) 

That the cosmological constant problem is rephrased within a brane world setup 
is discussed in 1 395]. The example of section [5.2.3.1 (and a closely related example) 



appear in] 268 ], ]|36| . That the effective cosmological constant does not vanish in this 
models is observed (simultaneously) in 1465], ]186]. To reach consistency by adding 
branes and consequently fine tuning input parameters is proposed in |186f] . (Problems 
with singularities in warped compactifications are considered e.g. also in ]^3l[] , |29l| ].) 
The proof of the no go theorem is taken from |lld| ]. 

There are too many papers on warped brane world scenarios to be listed. Therefore, 
the following list is restricted to papers dealing with the cosmological constant problem 
(and most likely this list is also incomplete): ^0^, ]|l2|], 1|8^, (l2|], |24^], |22^], 

m^, iio|, |6^], g, i|7ii, ]g7|, |io|], |5§, n, g. 



308|,^], |105[, 167|], |3211, J^, |104|], |5^, |85[, |00|], flO^], |134[, J^], fgiO]. 

Papers containing proposals on avoiding the fine tuning problem of the cosmological 
constant by going beyond the prepositions of the no go theorem (section ^.2.3.2| ) 
are M, 129^ 



^93| ], 1 109, 22£]. A different proposal for addressing the cosmological 
constant problem in brane world scenarios is put forward in]453], ]401, [402| , 403]. 
Warped compactifications in the context of string theory are e.g. discussed in| 330 . 



Observational bounds on extra dimension scenarios are e.g. presented in] 323], ]342], 
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